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\S 1. New functors $\otimes_{\Omega}Ind,$ $\otimes_{\Omega}{\rm Res}$ and zeta functions of Shimura varieties
Let $G$ be a group and $H$ be a subgroup of index $n<\infty$ . Let $k$ be a field and
$V$ be a vector space over $k$ of dimension $d<\infty$ . Let $\sigma$ be a representation of $H$
into $GL(V)$ . Let $G= \bigcup_{i=1}^{n}s_{i}H$ be a coset decomposition and put $\Omega=\bigcup_{i=1}^{r}s_{i}H$ ,
where $r$ is any integer such that $1\leq r\leq n$ . Let $H^{l}$ be the stabilizer of $\Omega$ under
the natural action of $G$ on $G/H$ :
(1.1) $H’=\{g\in G|g\Omega=\Omega\}$ .
We can construct a representation $\tau$ of $H^{/}$ in the following way. For every $i$ ,
$1\leq i\leq r$ , we prepare a vector space $s;V$ over $k$ which is isomorphic to $V$ . Take
$J$
$g\in H’$ . Then we have .
$gs_{i}=s_{j(i)}h;$ , $1\leq i\leq r$ , $h;\in H$ .
Here $iarrow j(i)$ is a permutation on r-letters. Put $W=\otimes_{i=1}^{r}s_{i}V$ and set
(1.2) . $\tau(g)(\otimes_{i=1}^{r}s;v;)=\otimes_{i=1}^{r}s_{j(i)}\sigma(h_{i})v:$, $s;v;\in s_{i}V_{i}$ .
Extending (1.2) k-linearly to whole $W$ , we can easily verify that $\tau$ defines a repre-
sentation of $H’$ on $W$ .
The definition (1.2) is somewhat informal. We can rewrite it as follows. Let
$V_{i},$ $1\leq i\leq r$ be a vector space over $k$ isomorphic to $V$ . Put $W_{1}=\otimes_{1}^{r_{=1}}V_{i}$ . For
$g\in H’$ , set
$g^{-1}s;=s_{k(i)}h_{i}^{*}$ , $1\leq i\leq r$ , $h_{i}^{*}\in H$ .
Then we find $iarrow k(i)$ is a permutation on r-letters and that
$j(k(i))=i$ , $h_{k(i)}=(h_{i}^{*})^{-1}=s_{i}^{-1}gs_{k(i)}$ .
Put
(1.3) $\tau_{1}(g)(\otimes_{1=1}^{r}v_{i})=\otimes_{i=1}^{r}\sigma(s_{i}^{-1}gs_{k(i)})v_{k(i)}$, $v;\in V_{i}$ .
This is merely a reformulation of (1.2) identifying $s;V$ with $V_{i}$ . Thus, .by (1.3),
$\tau_{1}$ defines a representation of $H’$ on $W_{1}$ which is equivalent to $\tau$ . We see easily
that the equivalence class of $\tau$ does not depend on a choice of $\{s_{i}\}$ . We denote
$\tau_{1}$ by $\otimes_{\Omega}Ind_{H}^{H’}\sigma$ or $\otimes_{\Omega}Ind(\sigma;Harrow H‘)$ . We can perform similar construction
$replacing\otimes by\oplus$ . The representation constructed $using\oplus insteadof\otimes in(1.3)$
shall be denoted by $\oplus_{\Omega}Ind_{H}^{H’}\sigma$ or $\oplus_{\Omega}Ind(\sigma;Harrow H^{l})$ . We have
(1.4) $\dim(\otimes Ind_{H}^{H’}\sigma)=(\dim\sigma)^{r}$ , $\dim(\oplus Ind_{H}^{H’}\sigma)=r(\dim\sigma)$ .
$\Omega$ $\Omega$
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Examples. (1) If $\Omega=G$ , then $H’=G.$ Clearly $\oplus_{G}Ind_{H}^{G}\sigma$ is the usual induced
representation.
(2) If $\Omega=H$ , then $H’=H$. We have $\otimes_{H}Ind_{H}^{H}\sigma\cong\oplus_{H}Ind_{H}^{H}\sigma\cong\sigma$.
(3) Assume $\Omega=G,$ $\dim$ a $=1$ . Then $\sigmaarrow\otimes_{G}hd_{H}^{G}\sigma$ is the dual map of the
transfer map $G/[G, G]arrow H/[H, H]$ .
Let $\tau=\otimes_{\Omega}Ind_{H}^{H’}\sigma$ be realized by (1.3). Let $\chi_{\sigma}$ and $\chi_{\mathcal{T}}$ denote characters of $\sigma$
and $\tau$ respectively. We can express $\chi_{r}$ in the following way. Let $\{e_{1}, \cdots , e_{d}\}$ be a
basis of $V$ over $k$ . Put
$\sigma(h)e;=\sum_{j=1}^{d}\sigma_{ji}(h)e_{j}$ , $h\in H$ , $1\leq i\leq d$ .






to the trace. Therefore we obtain
(1.5) $\chi_{r}(g)=\sum_{j_{r}j_{1},\cdots,\in[1,i\int^{r}}\prod_{i=1}^{r}\sigma_{j_{i}j_{k(\cdot)}}(s_{i}^{-1}gs_{k(i)})$, $g\in H’$ .
If $g \in\bigcap_{i=1}^{r}s;Hs_{i}^{-1}\subseteq H’$ , then (1.5) simplifies to
(1.6) $\chi_{r}(g)=\prod_{i=1}^{r}\chi_{\sigma}(s_{i}^{-1}gs_{i})$ , $g \in\bigcap_{1}^{r_{=1}}{}_{Si}Hs_{i}^{-1}$ .
The above construction $\otimes_{\Omega}Ind_{H}^{H’}\sigma$ applies also to the case where $\sigma$ is a $\lambda$-adic
representation of a Galois group or $\sigma$ is a representation of a Weil group. In other
words, the continuity condition of $\otimes_{\Omega}Ind_{H}^{H’}\sigma$ can easily be derived from that of $\sigma$ .
We shall consider the case of A-adic representation in more detail. Let $F$ and
$E$ be algebraic number fields of finite degree. Let A be a finite place of $E$ and let
$\sigma_{\lambda}$ : $Ga1(\overline{Q}/F)arrow GL(V)$
be a A-adic representation. Here $V$ is a $d<\infty$ dimensional vector space over $E_{\lambda}$ .
Take $G=Ga1(\overline{Q}/Q),$ $H=Ga1(\overline{Q}/F),$ $G=\cup^{n_{=1}}{}_{si}H,$ $\Omega=\bigcup_{i=1}^{r}{}_{Si}H$ and apply the
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above consruction. Let $F’$ be the fixed field of $H’$ and $\tilde{F}$ be the normal closure of
$F$ . Put $K=Ga1(\overline{Q}/\tilde{F})$ . We have $H’=Ga1(\overline{Q}/F’)\supseteq K$ . Then $\tau_{\lambda}=\otimes_{\Omega}Ind_{H}^{H’}\sigma_{\lambda}$
defines a A-adic representation
$\tau_{\lambda}$ : $Ga1(\overline{Q}/F’)arrow GL(W)$
where $W$ is a $d^{r}$ -dimensional vector space over $E_{\lambda}$ .
Let $S$ be a finite set of prime ideals of $F$ . We assume that $\sigma_{\lambda}$ is unramified
outside of $S$ . If $\mathfrak{p}$ is a prime ideal of $F$ such that $\mathfrak{p}\not\in S$ , we set
(1.7) $f_{\mathfrak{p}}(\sigma_{\lambda}, X)=\det(1-\sigma_{\lambda}(F_{\mathfrak{p}})X)\in E_{\lambda}[X]$ ,
where $F_{\mathfrak{p}}$ denotes a representative from the Frobenius conjugacy class of $\mathfrak{p}$ in
$Ga1(\overline{Q}/F)$ .
Let $\mathfrak{p}’$ be a prime ideal of $F’$ and let $\mathfrak{P}’$ be a prime divisor of $\mathfrak{p}’$ in $\tilde{F}$ . For
$1\leq i\leq r$ , let $\mathfrak{p}_{i}$ be the restriction of $s_{i}^{-1}\mathfrak{P}’$ to $F$ . Then the set of prime ideals
$\{\mathfrak{p}_{1}, \mathfrak{p}_{2}, \cdots \mathfrak{p}_{f}\}$ does not depend on the choice of $\mathfrak{P}’$ and $\{s;\}$ . Let $S’$ be the set
of $\mathfrak{p}’$ such that either one of $Pi$ ramifies in $F/Q$ or that $\sigma_{\lambda}$ ramifies at one of $Pi$ .
THEOREM 1.1. Let the notation be the same as above. Then $\tau_{\lambda}$ is unramified
outside of $S$‘. If $f_{\mathfrak{p}}(\sigma_{\lambda}, X)\in E[X]$ whenever $\mathfrak{p}\not\in S$ , then for any prime ideal
$\mathfrak{p}’\not\in S$
‘ of $F’$ , we $h$ave $f_{\mathfrak{p}}(\tau_{\lambda}, X)\in E[X]$ . Furtheremore if $\lambda’$ is another finite place
of $E$ and $\sigma_{\lambda’}$ is a $\lambda’$-representation of $Ga1(\overline{Q}/F)$ unramifi$ed$ outside of $S$ such that
$f_{\mathfrak{p}}(\sigma_{\lambda}, X)=f_{p}(\sigma_{\lambda’}, X)$ if $\mathfrak{p}\not\in S$ , then we have $f_{\mathfrak{p}}(\tau_{\lambda}, X)=f_{\mathfrak{p}}(\tau_{\lambda’}, X)$ for $\mathfrak{p}’\not\in S$ ‘.
PROOF: From the realization of $\tau_{\lambda}$ by (1.3), we have
(1.8) $Ker(\tau_{\lambda})\supseteq\bigcap_{1}^{r_{=1}}s_{i}Ker(\sigma_{\lambda})s_{i}^{-1}$ .
Assume $\mathfrak{p}’\not\in S$‘. First we shall show that $\tau_{\lambda}$ is unramified at $\mathfrak{p}’$ . Let $\tilde{\mathfrak{P}}’$ be a
prime divisor of $\mathfrak{p}’$ in $\overline{Q}$ and let $I_{\tilde{\sigma},\mathfrak{p}}$ , be the inertia group of $\tilde{\mathfrak{P}}’$ . It suffices to show
$\tau_{\lambda}(I_{\tilde{\mathfrak{P}}’})=\{1\}$ . By (1.8), this assertion follows if we could show
(1.9) $s_{1}^{-1}I_{\tilde{\mathfrak{p}}’}s;\subseteq H$,
(1.10) $\sigma_{\lambda}(s^{-1}|I_{\tilde{\sigma},\mathfrak{p}’}s;)=\{1\}$
for every $1\leq i\leq r$ . Let $\mathfrak{P}^{/}$ be a prime ideal of $\tilde{F}$ which lies under $\tilde{\mathfrak{P}}’$ . Since
$s_{1}^{-1}I_{\tilde{\prime \mathfrak{p}}\prime}s_{i}=I_{s^{-1}\tilde{\varphi}},,$ $(1.9)$ is equivalent to $I_{s^{-1}\varphi},$ $\subseteq Ga1(\tilde{F}/F)$ , where $I_{s^{-1}\gamma},$ , is the
inertia group of $s_{i}^{-1}\mathfrak{P}’$ in $Ga1(\tilde{F}/Q)$ . This condition is equivalent to that $s_{i}^{-1}\mathfrak{P}’$
is unramified in $F/Q$ , i.e., $\mathfrak{p}$ ; is unramified in $F/Q$ . Hence (1.9) is verified. Since
$s_{i}^{-1}\tilde{\mathfrak{P}}’$ is a prime divisor of $\mathfrak{p}_{i}$ in $\overline{Q},$ $(1.10)$ follows from the assumption that $\sigma_{\lambda}$ is
unramified at $\mathfrak{p};$ .
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Next we shall show E-rationality for $\mathfrak{p}’\not\in S’$ . Put
$K=Ga1(\overline{Q}/\tilde{F})$ , $\overline{G}=G/K$ , $\overline{H}=H/K$ ,
St $=\Omega/K$, $\overline{F}_{p’}=F_{\mathfrak{p}’}mod K\in\overline{G}$ .
Let $U$ be the cyclic subgroup of $\overline{G}$ generated by $\overline{F}_{\mathfrak{p}’}$ . Let
(1.11) $\overline{\Omega}=$ $jm_{=1}U\overline{l}j\overline{H}$, $\overline{t}_{J}\in\overline{G}$
be a double coset decomposition of St. For every $j$ , let $n_{j}$ be the minimal positive
integer $a$ such that $\neg F_{\mathfrak{p}},$ $\in\overline{t}_{j}F\overline{t}_{j}^{-1}$ . Then
(1.12) $\overline{\Omega}=\bigcup_{j}^{m_{=1}}\bigcup_{i=0}^{n_{j}-1}\overline{F}_{p’}^{i}\overline{t}_{j}\overline{H}$
is a coset decomposition of St. Take $t_{j}\in G$ so that $t_{j}mod K=\overline{t}_{j}$ . Then
(1.13) $\Omega=\bigcup_{j=1}^{m}\bigcup_{i=^{j}0}^{n-1}s_{ij}H$, $s_{ij}=F_{\mathfrak{p}}^{i},t_{j}$
is a coset decomposition of $\Omega$ . We may realize $\tau_{\lambda}$ using (1.13) and (1.3) on





For $1\leq j\leq m$ , let $A_{j}$ be the linear operator on $\otimes_{i0}^{n_{=^{j}}-1}V_{ij}$ defined by
$A_{j}(\otimes_{*=^{j}1}^{n-1}v_{ij})=\sigma_{\lambda}(t_{j}^{-1}F_{\mathfrak{p}}^{n_{j}}t_{j})v_{n_{j}-1,j}\otimes(\otimes_{i=^{j}1}^{n-1}v_{i-1,j})$.
Then we have $\tau_{\lambda}(F_{\mathfrak{p}’})=\otimes_{j=1}^{m}A_{j}$ . Therefore it suffices to show
(114) $\det(1-A_{j}X)\in E[X]$ , $1\leq j\leq m$ .
Let $\tilde{\mathfrak{P}}’$ be a prime divisor of $\mathfrak{p}’$ in $\overline{Q}$ and let $F_{c\tilde{\mathfrak{p}}’}\in Ga1(\overline{Q}/F’)$ be a Frobenius
element of $\tilde{\mathfrak{P}}’$ . We may take $F_{\mathfrak{p}’}=F_{\tilde{i}}\mathfrak{p}’$ . We have $t_{j}^{-1}F_{\mathfrak{p}}^{n_{j}}t_{j}=F_{t_{j}^{-}\mathfrak{p}}^{n_{j_{1_{\tilde{i}}}}},$ . Let $\mathfrak{p}_{j}$ (resp.
$\mathfrak{p}_{j}’)$ be the restriction of $t_{j}^{-1}\tilde{\mathfrak{P}}’$ to $F$ (resp. $F’$ ). Let $f_{j}$ (resp. $f_{j’}$ ) be the degree of
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$\mathfrak{p}_{j}$ (resp. $\mathfrak{p}_{j}’$ ) in $F/Q$ (resp. $F’/Q$ ). Let $\tilde{F}_{t_{j}^{-1}\tilde{\varphi}},$. be aFrnhenius element of $t_{j}^{-1}\tilde{\mathfrak{P}}’$ in
Gal(Q/Q). We may assume
$(\tilde{F}_{t_{j}^{-1}\tilde{\mathfrak{P}}’})^{f_{j}}=F_{\mathfrak{p}_{j}}$ , $(\tilde{F}_{t_{j}^{-1}\tilde{\mathfrak{P}}’})^{f_{j’}}=F_{p_{j}’}=F_{t_{j}^{-1}\tilde{\mathfrak{P}}’}$ .
Hence we have
$t_{j}^{-1}F_{\mathfrak{p}}^{n_{j}}t_{j}=(\tilde{F}_{t_{j}^{-1}\tilde{\varphi}’})^{n_{j}f_{j’}}\in H$ .
Therefore $f_{j}$ must divide $n_{j}f_{i’}$ and we obtain
$t_{j}^{-1}F_{\mathfrak{p}}^{n_{j}}t_{j}=F_{lj}^{n_{j}f_{j’}/f}j$
Now the assertion (1.14) and also the last assertion of Theorem 1.1 follows from
the next Lemma.
LEMMA 1.2. Let $V$ be a finite dimensional vector space over a field $k$ and le$t$
$A\in End(V)$ . Let $W=\otimes_{i=0}^{n-1}V:,$ $V_{i}\cong V$ . Define $A_{1}\in End(W)$ by
$A_{1}(\otimes_{i=0}^{n-1}v;)=Av_{n-1}\otimes(\otimes_{i=1}^{n-1}v_{i-1})$ .
Pu $tf_{A}(X)=\det(1-AX),$ $f_{A_{1}}(X)=\det(1-A_{1}X)$ . Then $f_{A_{1}}(X)$ depends only
on $f_{A}(X)$ . Furthermore if $k_{0}$ is a subfield of $k$ such that $f_{A}(X)\in k_{0}[X]$ , then we
have $f_{A_{1}}(X)\in k_{0}[X]$ .
The proof is omitted since it is easy. This completes the proof of Theorem 1.1.
Let $\sigma_{\lambda}$ : $Ga1(\overline{Q}/F)arrow GL(V)$ and $\tau_{\lambda}$ : $Ga1(\overline{Q}/F’)arrow GL(W)$ be as above.
If $\sigma_{\lambda}$ is of Hodge-Tate type, then we can show that $\tau_{\lambda}$ is also of Hodge-Tate type
and its type can be determined.
Let $p$ be a rational prime which lies under $\lambda$ . Set
$\mu_{p}\infty=$ { $z\in Q|z^{p^{a}}=1$ for some $1\leq a\in Z$ }.
Define a homomorphism $\chi$ of Gal(Q/Q) into $Z_{p}^{x}$ by
$g(z)=z^{\chi(g)}$ , $g\in Ga1(\overline{Q}/Q)$ , $z\in\mu_{p}\infty$ .
Let $\mathfrak{p}$ be a prime factor of $p$ in $F$ and take a prime divisor $\tilde{\mathfrak{P}}$ of $\mathfrak{p}$ in $\overline{Q}$ . We identify
$\overline{Q}_{p}$ with $\overline{Q}_{\tilde{\mathfrak{P}}}$ and consider $\mu_{P^{\infty}}$ as a subgroup of $\overline{Q}_{p}^{x}$ . We regard $E_{\lambda}$ as a subfield
of $\overline{Q}_{p}$ . Let $C_{p}=\frac{}{Q}p$ be the completion of $\overline{Q}_{p}$ . Put $V_{C_{p}}=C_{p}\otimes_{E_{\lambda}}V$ . Then
$Ga1(\overline{Q}_{\tilde{\mathfrak{P}}}/F_{\mathfrak{p}}\vee E_{\lambda})\ni g$ acts on $V_{C_{p}}$ by
$g(c\otimes v)=g(c)\otimes\sigma_{\lambda}(g)v$ , $c\in C_{P}$ , $v\in V$.
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For every $i\in Z$ , let
$V^{i}=$ { $v\in V_{C_{p}}|g(v)=\chi(g)^{i}v$ for every $g\in Ga1(\overline{Q}_{\tilde{\mathfrak{P}}}/F_{\mathfrak{p}}\vee E_{\lambda})$ }
and put $V(i)=C_{p}\otimes_{F,\vee Ex}V^{i}.$ Then $\oplus_{i\in z}V(i)$ can be considered as a sub $C_{p}$-vector
space of $V_{C_{p}}$ (cf. Serre [10], III-6). We call $\sigma_{\lambda}$ is of Hodge-Tate type at $\mathfrak{p}$ if
(1.15) $V_{C_{p}}=\oplus_{i,\in Z}V(i_{\mathfrak{p}})$ .
PROPOSITION 1.3. Assume that $\sigma_{\lambda}$ is of Hodge-Tate type (1.15) at every prime
factor $\mathfrak{p}$ of $p$ in F. Let $\mathfrak{p}’$ be any prime factor of $p$ in $F’$ . Define prime ideals
$\mathfrak{p}_{1},$ $\cdots \mathfrak{p}_{f}$ of $F$ as above. Then $\tau_{\lambda}$ is of Hodge-Tate type at $\mathfrak{p}’$ such that
$C_{p}\otimes_{E_{\lambda}}W=\oplus_{i_{1},\cdots,i_{r}\in Z^{r}}W(i_{\mathfrak{p}_{1}}+i_{\mathfrak{p}_{2}}+\cdots+i_{\mathfrak{p}_{r}})$ .
PROOF: Let $\tilde{\mathfrak{P}}’$ be a prime factor of $\mathfrak{p}’$ in Q. Let $\tilde{F}$ be the normal closure of $F$ in
$\overline{Q}$ and $\mathfrak{P}’$ be the restriction of $\tilde{\mathfrak{P}}$‘ to $\tilde{F}$ . For every $1\leq i\leq r$ , take $v;\in V^{i_{i}}$’ so that
$gv_{i}=\chi(g)^{i_{i}}’ v;$ , $g\in Ga1(\overline{Q}_{\tilde{\mathfrak{P}}’}/F_{\mathfrak{p}_{i}}\vee E_{\lambda})$ .
Then $v_{1}\otimes\cdots\otimes v_{r}\in C_{p}\otimes_{E_{\lambda}}W$ and we can easily verify that
$g(\otimes_{i=1}^{r}v_{i})=\chi(g)^{i_{1}+\cdots+i_{r}}’(\otimes_{i=1}^{r}v_{i})$ if $g\in Ga1(\overline{Q}_{\tilde{\mathfrak{P}}’}/\tilde{F}_{\mathfrak{P}’}\vee E_{\lambda})$ .
In view of the injectivity result of [10], III-6 and III-31, Theorem 1, the assertion
follows immmediately.
Let $\sigma_{\lambda}$ : $Ga1(\overline{Q}/F)arrow GL(V)$ be as before. We define L-series $L(s, \sigma_{\lambda})$
attached to $\sigma_{\lambda}$ by
$L(s, \sigma_{\lambda})=\prod_{\not\in \mathfrak{p}S}\det(1-\sigma_{\lambda}(F_{\mathfrak{p}})N(\mathfrak{p})^{-s})^{-1}$
,
a formal Dirichlet series with coefficients in $E_{\lambda}$ . We assume that $F$ is normal over
$Q$ until (1.17). For $1\leq i\leq r$ , put
$\sigma_{\lambda}^{1}(h)=\sigma_{\lambda}(s_{i}^{-1}hs_{i})$ , $h\in H=Ga1(\overline{Q}/F)$ .





Here $\chi$ extends over irreducible representations of $G/H$ and we have assumed that
$E_{\lambda}$ is sufficiently large so that every $\chi$ is realized over $E_{\lambda}$ . Now the well known
property of L-series yields
(1.17)
$L(s, \otimes_{1}^{r_{=1}}\sigma_{\lambda}^{i})=\prod_{\chi\in\overline{G/H}}L(s, \tau_{\lambda}\otimes\chi)$
up to finitely many Euler factors.
We are going to consider a relation between $\otimes_{\Omega}Ind_{H}^{H’}\sigma_{\lambda}$ and the Langlands L-
function used to express the zeta functions of certain Shimura varieties (cf. Lang-
lands [8]). Let $F$ be a totally real algebraic number field and $B$ be a quaternion
algebra over $F$ . Set $H=Ga1(\overline{Q}/F)$ . Fix an embedding $of\overline{Q}$ into C. Then $J_{F}$ can
be identified with $Ga1(\overline{Q}/Q)/H$ . Let $G={\rm Res}_{F/Q}(B^{x})$ . Then the L-group $LG$ of
$G$ is given by
$LG=GL_{2}(C)^{J_{F}}\cross_{S}Ga1(\overline{Q}/Q)$
where the multiplication is defined by
$(g_{1}, \sigma_{1})(g_{2}, \sigma_{2})=(g_{1}\sigma_{1}(g_{2}), \sigma_{1}\sigma_{2})$ , $g_{1},g_{2}\in GL_{2}(C)^{J_{F}}$ , $\sigma_{1},$ $\sigma_{2}\in Ga1(\overline{Q}/Q)$ .
Here we take the action of Gal(Q/Q) on $GL_{2}(C)^{J_{F}}$ by
$\sigma(g)=(g_{\sigma^{-1}\tau})_{\tau\in J_{F}}$ for $g=(g_{r})_{r\in J_{F}}$ , $g_{\mathcal{T}}\in GL_{2}(C)$ .
Put $LG0=GL_{2}(C)^{J_{F}}$ . We shall define two representations of $LG$. Let $V=$
$\oplus_{\tau\in J_{F}}V_{r},$ $V_{\tau}\cong C^{2}$ . Let $r_{0}^{*}$ be the standard representation of $LG0$ on $V$ , i.e.,
$g(\oplus_{\tau\in J_{F}}v_{\tau})=\oplus_{r\in J_{F}}g_{\tau}v_{\tau}$ , $g=(g_{\tau})\in^{L}G^{0}$ .
For $\sigma\in Ga1(\overline{Q}/Q)$ , define $I_{\sigma}\in GL(V)$ by
$I_{\sigma}(\oplus_{\tau\in J_{F}}v_{\tau})=\oplus_{\mathcal{T}\in J_{F}}v_{\mapsto 1_{\mathcal{T}}}$ .
Then we can verify
(1.18) $I_{\sigma_{1}\sigma_{2}}=I_{\sigma_{1}}I_{\sigma_{2}}$ , $\sigma_{1},$ $\sigma_{2}\in Ga1(\overline{Q}/Q)$ ,
(1.19) $I_{\sigma}r_{0}^{*}(g)=r_{0}^{*}(\sigma(g))I_{\sigma}$ , $\sigma\in Ga1(\overline{Q}/Q)$ , $g\in LG0$ .
Put
$r_{0}((g, \sigma))=r_{0}^{*}(g)I_{\sigma}$ , $(g, \sigma)\in^{L}G$ .
By (1.18) and (1.19), we see easily that $r_{0}$ defines a representation of $LG$ on $V$ .
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Let $\delta$ be a subset of $Jp$ at which $B$ splits and $B$ ramifies at $J_{F}\backslash \delta$ . We assume
that $\delta$ is not empty. Since $Jp$ is identified with $Ga1(\overline{Q}/Q)/H,$ $\delta$ can be identified
with a subset $\Omega$ of $Ga1(\overline{Q}/Q)/H$ . Let
$H’=\{g\in Ga1(\overline{Q}/Q)|g\Omega=\Omega\}$
and let $F’$ be the subfield of $\overline{Q}$ which corresponds to $H’$ . Let $W=\otimes_{\tau\in\delta}V_{r}$ ,
$V_{\tau}\cong C^{2}$ . Let $r_{1}^{*}$ be the representation of $LG^{0}$ on $W$ defined by
$g(\otimes_{r\in\delta}v_{r})=\otimes_{r\in\delta}g_{r}v_{r}$ , $g=(g_{r})\in^{L}G^{0}$ .




for $\sigma_{1},$ $\sigma_{2},$ $\sigma\in Ga1(\overline{Q}/F^{l}),$ $g\in LG0$ . Therefore we can define a representation $r_{1}^{(0)}$
of $GL_{2}(C)^{J_{F}}\cross_{s}Ga1(\overline{Q}/F’)$ by
$r_{1}^{(0)}((g, \sigma))=r_{1}^{*}(g)J_{\sigma}$ , $g\in LG0$ $\sigma\in Ga1(\overline{Q}/F’)$ .
Then we let
$r_{1}=Ind(r_{1}^{(0)};^{L}G^{0}\cross_{s}Ga1(\overline{Q}/F’)arrow LG)$.
THEOREM 1.4. Let $\pi$ be an automorphic representation of $G_{A}$ . Let $E$ be an
algebraic $n$umber field of finite degree and $\lambda$ be a finite $pla$ce of E. Let $\sigma_{\lambda}$ :
$Ga1(\overline{Q}/F)arrow GL_{2}(E_{\lambda})$ be a $\lambda$ -adic representation. We $assume$ that $L(s, \pi, r_{0})=$
$L(s, \sigma_{\lambda})$ holds up to finitely many Euler factors, when we fix an embedding of $E_{\lambda}$
into $C$ and consider two L-series as Euler products over rational primes. Then we
$h$ave
$L(s, \pi, r_{1})=L(s, \otimes Ind_{H}^{H’}\sigma_{\lambda})$
$\Omega$
up to finitely many Eu$ler$ factors.
PROOF: Let $\iota:E_{\lambda}\subset C$ be the fixed embedding. Then $\iota 0\sigma_{\lambda}$ defines a homorphism
of $Ga1(\overline{Q}/F)$ into $GL_{2}(C)$ . Put $p=\iota 0\sigma_{\lambda}$ . Let $G= \bigcup_{i=1}^{n}s_{i}H,$ $\Omega=\cup^{r_{=1}}s;H$ . For
$g\in Ga1(\overline{Q}/Q)$ , set
(1.20) $\tilde{\rho}(g)=((\rho(s_{i}^{-}’ gs_{k(i)})),g)\in LG$.
Here the meaning of $(\rho(s_{i}^{-1}gs_{k(i)}))\in LG^{0}$ is as follows. We identify $J_{F}$ with
$\{s_{i}|F;1\leq i\leq n\}$ . Then the $s_{i}$-component of $(\rho(s_{i}^{-1}gs_{k(i)}))$ is $\rho(s_{i}^{-1}gs_{k(i)})\in$
$GL_{2}(C)$ . We have set
$g^{-1}s;=s_{k(i)}h_{i}^{*}$ , $1\leq i\leq n$ , $h_{i}^{*}\in H$ .
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It can be verified that $\tilde{\rho}$ defines a homomorphism of Gal(Q/Q) into $LG$. By the
definition of $r_{1}^{(0)}$ ’we obtain
(1.21) $(r_{1}^{(0)}o\tilde{\rho})(g))(\otimes_{i=1}^{f}v_{s_{i}})=\otimes_{i=1}^{r}\rho(s_{i}^{-1}gs_{k(i)})v_{k(i)}$ , $g\in Ga1(\overline{Q}/F’)$ .
Comparing (1.21) with (1.3), we get
(1.22) $\iota 0\tau_{\lambda}\cong r_{1}^{(0)}o(\tilde{\rho}|Ga1(\overline{Q}/F’))$ ,
where $\tau_{\lambda}=\otimes_{\Omega}Ind_{H}^{H’}\sigma_{\lambda}$ . Now let us show
(1.23) $\iota oInd_{H}^{G},\tau_{\lambda}\cong r_{1}o\tilde{\rho}$.
Let $G= \bigcup_{i=1}^{m}t;H’$ . We realize $Ind_{H}^{G},\tau_{\lambda}$ by the similar formula to (1.3). Thus
$Ind_{H}^{G},\tau_{\lambda}$ is realized on $\oplus_{i=1}^{m}W_{i},$ $W_{i}\cong W$ , where $W$ is the representation space of
$\tau_{\lambda}$ . Put, for $g\in G$ ,
$g^{-1}t_{i}=t_{l(i)}h_{i}’$ , $1\leq i\leq m$ , $h’;\in H’$ .
Then we have
$(Ind_{H}^{G},\tau_{\lambda})(g)(\oplus_{i=1}^{m}w;)=\oplus_{i=1}^{m}\tau_{\lambda}(t_{i}^{-1}gt_{l(i)})w_{l(i)}$ , $g\in G$ .
On the other hand, take a coset decomposition
$LL$
and realize $r_{1}$ on $\oplus_{1}^{m_{=1}}W_{i},$ $W_{i}’\cong W$‘ where $W$‘ is the representation space of $r_{1}^{(0)}$ .
Then we have
$r_{1}(\tilde{\rho}(g))(\oplus_{1}^{m_{=1}}w_{i}’)=\oplus_{i=1}^{m}r_{1}^{(0)}(\tilde{\rho}(t_{i}^{-1}gt_{l(i)}))w_{l(i)}’$ , $w_{1}’\cdot\in W_{i}’$ , $g\in G$ .
Since we may take $W_{i}’=W_{i}\otimes_{E_{\lambda}}C,$ $(1.23)$ follows from (1.22). Let $p$ be a rational
prime at which $\pi,$ $Ind_{H}^{G}\sigma_{\lambda}$ and $Ind_{H}^{G},(\otimes_{\Omega}Ind_{H}^{H’}\sigma_{\lambda})$ are unramified and also
(1.24) $L(s, \pi,r_{0})=L(s, \sigma_{\lambda})$
holds at Euler p-factors. Fix a Frobenius element $F_{p}\in$ Gal(Q/Q) of $p$ . Let
$\pi=\otimes_{p}\pi_{p}\otimes\pi_{\infty}$ and let $(g_{p},F_{p})\in LG$ be the Langlands class of $\pi_{p}$ . By (1.24), we
have





by (1.23). This compJetes the proof.
Let $M$ be a motive over $F$ with coefficients in $E$ . For every finite place
$\lambda$ of $E$ , the $\lambda$-adic realization $H_{\lambda}(M)$ of $M$ determines a $\lambda$-adic representation
$\sigma_{\lambda}$ : $Ga1(\overline{Q}/F)arrow GL(H_{\lambda}(M));\{\sigma_{\lambda}\}$ makes a compatible system of $\lambda$-adic repre-
sentations. Let $\Omega$ be any non-empty subset of $Ga1(\overline{Q}/Q)/Ga1(\overline{Q}/F)$ and define $F’$
as before. By Theorem 1.1, we have a compatible system of $\lambda$-adic representations
$\{\otimes_{\Omega}Ind^{G}c_{a1(/F)^{)}}^{a1(/F’}\overline{\frac{Q}{Q}}\sigma_{\lambda}\}$ of $Ga1(\overline{Q}/F’)$ . We conjecture that this system of representa-
tions is realized by a motive.
CONJECTURE 1.5. There exists a motive $M’$ over $F’$ with coeffcients in $E$ such
that the $\lambda$-adic representation of $Gal(\overline{Q}/F’)$ obtained from $M’$ coincides with
$\otimes_{\Omega}IndG\frac{\overline Q}{Q}\sigma_{\lambda}Ga1(/F’)$ for every fin$ite$ place $\lambda$ of $E$ .
The rank of $M’$ is $($ rank $M)^{r}$ where $r=|\Omega|$ . In analogy with the case of induced
representations, we denote the above $M$‘ by $\otimes_{\Omega}{\rm Res}_{F/F’}M$ . (Of course $F’$ is not
a subfield of $F$ in general.) The computation of special values of the L-function
attached to $M’$ based on Deligne’s conjecture shall be performed in \S 5 and shall
be shown to be consistent with a conjecture and certain results of Shimura.
\S 2. Factorization of Deligne’s $\cdot$ period $c^{\pm}(M)$ of a motive $M$
Let $E$ and $F$ be algebraic number fields of finite degree. Let $M$ be a motive
over $F$ with coefficients in $E$ . Let $\lambda$ be a finite place of $E$ and consider the $\lambda$-adic
realization $H_{\lambda}(M)\in V(E_{\lambda})$ of $M$ . For a prime ideal $p$ of $F$ such that $(\lambda, \mathfrak{p})=1$ ,
put
(2.1) $Z_{\mathfrak{p}}(M,X)=\det(1-F_{p}X, H_{\lambda}(M)^{I}’)^{-1}$ ,
where $F_{\mathfrak{p}}$ denotes a geometric Frobenius of $\mathfrak{p}$ . It is conjectured that $Z_{\mathfrak{p}}(M,X)\in$
$E[X]$ independently of $\lambda$ . We shall assume this conjecture. For $\sigma\in J_{E}$ , put
(2.2) $L_{\mathfrak{p}}(\sigma,M, s)=\sigma Z_{\mathfrak{p}}(M, N(\mathfrak{p})^{-s})$,
(2.3) $L( \sigma,M,s)=\prod_{\mathfrak{p}}L_{\mathfrak{p}}(\sigma,M,s)$ .
Let ${\rm Res}_{F/Q}(M)=R_{F/Q}(M)$ denote the motive over $Q$ with coefficients in $E$
obtained from $M$ by the restriction of scalar. Then we have
(2.4) $L(\sigma, M, s)=L(\sigma, R_{F/Q}(M),$ $s$ )
for every $\sigma\in J_{E}$ . Since $E\otimes_{Q}C\cong C^{J_{E}}$ , we can define a function $L^{*}(M, s)t$aking
values in $E\otimes_{Q}C$ by arranging $L(\sigma,M,s)$ . Deligne’s conjecture predicts
(2.5) $L^{*}(M,0)/c^{+}(R_{F/Q}(M))\in E$
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if $0$ is critical for $R_{F/Q}(M)$ (which is assumed to be homogeneous) with $E\subset$
$E\otimes_{Q}C$ canonically. Here the period $c^{+}(R_{F/Q}(M))\in(E\otimes_{Q}C)^{\cross}$ is defined as
follows.
Let $M$ be a motive over $Q$ with coefficients in $E$ . Let $H_{B}(M)\in V(E)$ denote
the Betti realization of $M$ . Then the complex conjugation $F_{\infty}$ acts on $H_{B}(M)$ .
We have
(26) $H_{B}(M)=H_{B}^{+}(M)\oplus H_{B}^{-}(M)$ ,
where $H_{B}^{\pm}(M)$ denotes the eigenspaces of $H_{B}(M)$ with $eigenvalues\pm 1$ . We assume
that $M$ is homogeneous of weight $w$ . Then we have
$H_{B}(M)\otimes_{E},{}_{\sigma}C=\oplus_{p+q=w}H^{pq}(\sigma, M)$ , $\sigma\in J_{E}$ .
In view of the Gamma factor of the conjectural functional equation of $L^{*}(M, s)$ ,
we find that if $0$ is critical for $M$ , then:
(2.7) Whenever $H^{pq}(\sigma, M)\neq\{0\}$ and $p<q$ , $p<0,$ $q>-1$ must hold.
If $w$ is odd, (2.7) is sufficient for $0$ to be critical. If $w$ is even, $F_{\infty}$ must act on
$\oplus_{\sigma\in J_{E}}H^{pp}(\sigma, M),$ $p=w/2$ by scalar. Put
$F_{\infty}=(-1)^{p+\epsilon},$ $\epsilon=0$ or 1 on $H^{pp}(\sigma, M)$ .
Then
(2.8) $\{_{-\epsilon-1}p<\epsilon<pif$ $p+\epsilon isevenif.p+\epsilon is$
odd,
must be satisfied; (2.7) and (2.8) are sufficient for $0$ to be critical.
Remark. We see that $n\in Z$ is critical for $M$ hence the $transcende^{}nta1$ part
of $L^{*}(M, n)$ is predictable by Deligne’s conjecture if and only if the following con-
ditions are satisfied. (Of course, we admit the conjectural functional equation for
$L^{*}(M, s).)$







if $F_{\infty}=(-1)^{p+\epsilon},$ $\epsilon=0$ or 1 on $H^{pp}(\sigma, M)\neq\{0\}$ .
Let $H_{DR}(M)\in V(E)$ be the de Rham realization of $M$ . We have the canonical
isomorphism
$I$ : $H_{B}(M)\otimes_{Q}C\cong H_{DR}(M)\otimes_{Q}C$
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as $E\otimes_{Q}$ C-modules. We choose $F^{\pm}(M)\in V(E)$ as certain subspaces of $H_{DR}(M)$
obtained from the Hodge filtration; explicitly we have
$I^{-1}(F^{+}(M)\otimes_{E},{}_{\sigma}C)=\{\begin{array}{l}\bigoplus_{P\geq q}H^{pq}(\sigma,M)ifF_{\infty}=1onH^{pp}(\sigma,M)\bigoplus_{p>q}H^{pq}(\sigma,M)ifF_{\infty}=-1onH^{pp}(\sigma,M)\end{array}$
$I^{-1}(F^{-}(M)\otimes_{E},{}_{\sigma}C)=\{\begin{array}{l}\bigoplus_{p>q}H^{pq}(\sigma,M)ifF_{\infty}=1onH^{pp}(\sigma,M)\bigoplus_{P\geq q}H^{pq}(\sigma,M)ifF_{\infty}=-1onH^{pp}(\sigma,M)\end{array}$
Put $H_{DR}^{\pm}(M)=H_{DR}(M)/F^{\mp}(M)$ . We have the canonical isomorphisms
$I^{\pm}:$ $H_{B}^{\pm}(M)\otimes_{Q}C\cong H_{DR}^{\pm}(M)\otimes_{Q}$ C.
Let $\delta(M)=\det(I),$ $c^{\pm}(M)=\det(I^{\pm})$ be the determinants calculated by E-rational
basis. Then $\delta(M),$ $c^{\pm}(M)\in(E\otimes_{Q}C)^{\cross}$ are determined up to multiplications by
elements of $E$ .
Now going back to the general case, let $M$ be a motive over $F$ with coefficients
in $E$ . We assume that $F$ is totally real. For every $\tau\in J_{F}$ , we have the Betti
realization $H_{\tau,B}(M)\in V(E)$ of $M$ and the complex conjugation $F_{\infty_{r}}$ associated
with $\tau$ acts on $H_{\tau,B}(M)$ . Similarly to (2.6), we have
(2.11) $H_{r,B}(M)=H_{r}^{+_{B}}(M)\oplus H_{\tau,B}^{-}(M)$ ,
$H_{\tau,B}^{\pm}(M)\in V(E)$ . We assume that $R_{F/Q}(M)$ is homogeneous of weight $w$ . Then
we have
$H_{r,B}(M)\otimes_{E},{}_{\sigma}C=\oplus_{p+q=w}H^{pq}(\tau, \sigma, M)$ , $\sigma\in J_{E}$ .
If $w$ is even, we assume that $\oplus_{\tau\in J_{F}}F_{\infty_{\tau}}$ acts on $\oplus_{\tau}\oplus_{\sigma}H^{pp}(\tau, \sigma, M),$ $p=w/2$
by scalar. The de Rham realization $H_{DR}(M)\in V(E)$ has the structure of a free
$E\otimes_{Q}$ F-module. We have the canonical isomorphism
$I_{r}$ : $H_{r,B}(M)\otimes_{Q}C\cong H_{DR}(M)\otimes_{F},{}_{r}C$
as $(E\otimes_{Q}C)$-modules. By the Hodge filtration obtained from the convergence of
the spectral sequence
$E_{1}^{pq}=H^{q}(M, \Omega^{p})\Rightarrow H_{DR}^{p+q}(M)$ ,
we can define subspaces $F^{\pm}(M)\in V(E)$ of $H_{DR}(M)$ as in the case $F=Q;F^{\pm}(M)$
has the structure of a vector space over $F$ . We have
$I_{r}^{-1}(F^{+}(M)\otimes_{F},{}_{r}C)$
$=\{\begin{array}{l}\bigoplus_{\sigma\in J_{E}}\bigoplus_{p\geq q}H^{pq}(\tau,\sigma,M)ifF_{\infty_{\mathcal{T}}}=lonH^{pp}(\tau,\sigma,M)\bigoplus_{\sigma\in J_{E}}\bigoplus_{p>q}H^{pq}(\tau,\sigma,M)ifF_{\infty_{r}}=-1onH^{pp}(\tau,\sigma,M)\end{array}$
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$I_{r}^{-}(F^{-}(M)\otimes_{F},{}_{r}C)$
$=\{\begin{array}{l}\bigoplus_{\sigma\in J_{E}}\bigoplus_{p>q}H^{pq}(\tau,\sigma,M)ifF_{\infty_{f}}=1onH^{pp}(\tau,\sigma,M)\bigoplus_{\sigma\in J_{E}}\bigoplus_{P\geq q}H^{pq}(\tau,\sigma,M)ifF_{\infty_{\tau}}=-1onH^{pp}(\tau,\sigma,M)\end{array}$
Put $H_{DR}^{\pm}(M)=H_{DR}(M)/F^{\mp}(M)$ . We have the canonical isomorphisms
$I_{r}^{\pm}:$ $H_{r,B}^{\pm}(M)\otimes_{Q}C\cong H_{DR}^{\pm}(M)\otimes_{F,r}C$
as $(E\otimes_{Q}C)$-modules. Let $\delta_{\tau}(M)=\det(I_{\tau}),$ $c_{r}^{\pm}(M)=\det(I_{r}^{\pm})$ be the determinant
calculated by E-rational basis of the left hand side and by $E\otimes_{Q}$ F-basis (since
they are free $E\otimes_{Q}$ F-modules) of the right hand side modules. Then $\delta_{r}(M)$ ,
$c_{r}^{\pm}(M)\in(E\otimes_{Q}C)^{x}$ are determined up to multiplications by elements of $(E\vee\tilde{F})$ .
Here $\tilde{F}$ denotes the normal closure of $F$ in Q.
PROPOSITION 2.1. Let the notation be the same as above. We have
$c^{+}(R_{F/Q}(M))= \prod_{\tau\in J_{F}}c_{\tau}^{+}(M)$
, $c^{-}(R_{F/Q}(M))= \prod_{r\in J_{F}}c_{\tau}^{-}(M)$ ,
$\delta(R_{F/Q}(M))=\prod_{\tau\in J_{F}}\delta_{r}(M)$
,
up to multiplications by elements of $E\vee\tilde{F}$ .
PROOF: It is known (cf. Deligne [6]) that $H_{B}(R_{F/Q}(M))=\oplus_{r\in J_{F}}H_{r,B}(M)$ as
vector spaces over $E$ and that $H_{DR}(R_{F/Q}(M))$ can be identified with $H_{DR}(M)$
forgetting its structure as a vector space over $F$ . We see that
$H_{B}^{+}(R_{F/Q}(M))=\oplus_{r\in J_{F}}H_{\tau,B}^{+}(M)$ , $H_{B}^{-}(R_{F/Q}(M))=\oplus_{r\in J_{F}}H_{\tau,B}^{-}(M)$ ,
and that $H_{DR}^{\pm}(R_{F/Q}(M))$ is identified with $H_{DR}^{\pm}(M)$ forgetting the structure of a
vector space over $F$ . We have the isomorphism of $(E\otimes_{Q}C)$-modules





$I^{+}$ may be written as
$I^{+}:$ $\oplus_{r\in J_{F}}(H_{\tau,B}^{+}(M)\otimes_{Q}C)\cong\oplus_{r\in J_{F}}(H_{DR}^{+}(M)\otimes_{F},{}_{r}C)$.
Restricting $I^{+}$ to a direct factor, we obtain
$I_{\tau}^{+}:$ $H_{\tau}^{+_{B}}(M)\otimes_{Q}C\cong H_{DR}^{+}(M)\otimes_{F,r}$ C.
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The isomorphism (2.12) does not preserve E-structure but preserve $E\vee$F-structure
on both sides. Hence we obtain the first assertion. The second and the last
assertions can be proved in similar way. This completes the proof.
\S 3. Variations of periods $c_{\tau}^{\pm}(M)$ under standard operations
(I) Let $M$ and $N$ be motives over $F$ with coefficients in $E$ . Let $d(M)$ and
$d(N)$ be the ranks of $M$ and $N$ respectively. For example, we have $d(M)=$
$\dim_{E}H_{r,B}(M)$ for every $\tau\in J_{F}$ . We assume that $R_{F/Q}(M)$ and $R_{F/Q}(N)$ are
homogeneous of weights $w$ and $w’$ respectively. For $\tau\in J_{F}$ , we obviously have
$H_{r,B}(M\otimes N)=H_{r,B}(M)\otimes_{E}H_{r,B}(N)$ ,







$\cong(H_{DR}(M)\otimes_{F},{}_{r}C)\otimes_{E\otimes C}(H_{DR}(N)\otimes p,{}_{r}C)$ ,
we have
(32) $\delta_{\tau}(M\otimes N)=\delta_{r}(M)^{d(N)}\delta_{\tau}(N)^{d(M)}$ .
Assume $d(N)=1,$ $w’$ is even and put $p’=w’/2$ . Assume further that
$H_{B}(R_{F/Q}(N))\otimes_{Q}C$ is of Hodge type $(p’,p’)$ . If $H_{B}(R_{F/Q}(N))\otimes_{Q}C$ does not
have a component of Hodge type $(p,p)$ , we have
$F^{\pm}(M\otimes N)=F^{\pm}(M)\otimes_{E\otimes F}H_{DR}(N)$ .
In view of (3.1), we immediately obtain
(33) $c_{r}^{\pm}(M\otimes N)=c_{r}^{\pm\epsilon_{\tau}}(M)\delta_{r}(N)^{d_{\tau}^{\pm}(M)}$ ,
where $F_{\infty}r=(-1)^{\epsilon_{r}}$ on $H_{r,B}(N)$ and $d_{r}^{\pm}(M)=\dim_{E}H_{r,B}^{\pm}(M)$ . If
$H_{B}(R_{F/Q}(M))\otimes_{Q}C$ has a component of type $(p,p)$ , we assume that $F_{\infty}$ acts on




For $n\in Z$ , let $T(n)$ denote the Tate motive over $F$ . We have
(35) $L^{*}(M\otimes T(n), s)=L^{*}(M,s+n)$ ,
(36) $\delta_{r}(T(n))=(2\pi\sqrt{-1})^{n}$ ,
(3.7) $F_{\infty}$ acts on $H_{B}(R_{F/Q}(T(n)))$ by $(-1)^{n}$ .
Hence, if $F_{\infty}$ acts on $\oplus_{\sigma\in J_{E}}H^{pp}(\sigma, R_{F/Q}(M))$ by scalar, we obtain
(3.8)
$c_{r}^{\pm}(M(n))=\{\begin{array}{l}(2\pi\sqrt{-1})^{nd_{r}^{\pm}(M)}c_{f}^{\pm}(M)(2\pi\sqrt{-1})^{nd_{f}^{\mp}(M)}c_{f}^{\mp}(M)\end{array}$ $ifif$ $nn$ $isevenisodd$
,
$\delta_{r}(M(n))=(2\pi\sqrt{-1})^{nd(M)}\delta_{r}(M)$ ,
where $M(n)=M\otimes T(n)$ .
(II) Let $M,$ $N$ and related notations be the same as in the beginning of (I).
PROPOSITION 3.1. We assume $\oplus_{\sigma\in J_{E}}H^{pp}(\sigma, R_{F/Q}(M))=\{0\}$ . We $fu$rther as-
sume that if
$H^{pq}(\tau, \sigma, M)\neq\{0\}$ , $p>q$ an $d$ $H^{p’q’}(\tau, \sigma, M)\neq\{0\}$ , $p’\geq q’$
for $\tau\in J_{F},$ $\sigma\in J_{E}$ , then $p-q>p’-q’$ holds. Then we $have$
$c_{r}^{+}(M\otimes N)=c_{r}^{+}(M)^{d_{r}^{+}(N)}c_{\tau}^{-}(M)^{d_{r}^{-}(N)}\delta_{\tau}(N)^{d_{r}^{+}(M)}$,
$c_{r}^{-}(M\otimes N)=c_{r}^{+}(M)^{d_{r}^{-}(N)}c_{r}^{-}(M)^{d\ddagger(N)}\delta_{\tau}(N)^{d_{r}^{-}(M)}$ .
PROOF: By the assumption, we immediately obtain
$F^{+}(M)=F^{-}(M)$ , $F^{\pm}(M\otimes N)=F^{\pm}(M)\otimes_{E\otimes F}H_{DR}(N)$ .
Let
$I_{\tau}^{M}$ : $H_{r,B}(M)\otimes_{Q}C\cong H_{DR}(M)\otimes_{F},{}_{\tau}C$
$I_{r}^{N}$ : $H_{r,B}(N)\otimes_{Q}C\cong H_{DR}(N)\otimes_{F},{}_{r}C$
be canonical isomorphisms. Let $u_{1}^{\pm},$ $\cdots u_{n}^{\pm}$ (resp. $v_{1},$ $\cdots v_{m}$ ) be a basis of
$H_{\tau,B}^{\pm}(M)$ (resp. $H_{r,B}(N)$ ) over $E$ where $n=d_{r}^{+}(M),$ $m=d_{r}(N)$ . Let $e_{1}^{-},$ $\cdots e_{n}^{-}$
be a basis of $F^{-}(M)$ as free $E\otimes F$-module. Take $e_{1}^{+}$ , $\cdots$ $e_{n}^{+}$ so that $e_{1}^{+},$ $\cdots$ $e_{n}^{+}$ ,
$e_{1}^{-},$ $\cdots$ $e_{n}^{-}$ becomes a basis of $H_{DR}(M)$ as free $E\otimes F$-module. Let $d_{1},$ $\cdots d_{m}$ be





with $x_{ij}^{\pm,\pm},$ $y_{ij}\in E\otimes_{Q}C$ . Put
$X_{11}=(x_{\ddot{v}}^{+,+})$ , $X_{12}=(x_{ij}^{-,+})$ , $X_{21}=(x_{ij}^{+,-})$ , $X_{22}=(x_{ij}^{-,-})\in M_{n}(E\otimes_{Q}C)$ ,
$Y=(y_{ij})\in M_{m}(E\otimes_{Q}C)$ .
Then we have
$c_{r}^{+}(M)=\det(X_{11})$ , $c_{r}^{-}(M)=\det(X_{21})$ , $\delta_{r}(N)=\det(Y)$ .
We may assume that $v_{1},$ $\cdots v_{t}$ (resp. $v_{t+1},$ $\cdots v_{m}$ ) is a basis of $H_{r}^{+_{B}}(N)$ (resp.
$H_{\tau,B}^{-}(N))$ where $t=d_{r}^{+}(N)$ . We have
$(I_{r}^{M} \otimes I_{r}^{N})(u_{i}^{+}\otimes v_{j})=(\sum x^{+_{k},+}:e_{k}^{+})\otimes(\sum^{n}y_{jl}d_{l})m$
$k=1$ $l=l$
$(I_{r}^{M} \otimes I_{r}^{N})(u_{i}^{-}\otimes v_{j})=(\sum x^{+_{k},-}:e_{k}^{+})\otimes(\sum^{n}y_{jl}d_{l})m$
$k=1$ $1=1$
modulo $F^{-}(M\otimes N)$ . Therefore we have
$c_{r}^{+}(M)=\det(\begin{array}{l}X_{ll}\otimes Y_{l}X_{21}\otimes Y_{2}\end{array})$ , $c_{r}^{-}(M)=\det(\begin{array}{l}X_{l1}\otimes Y_{2}X_{2l}\otimes Y_{1}\end{array})$ ,




and the assertion follows.
(III) Let $n\geq 2$ and suppose that we are given motives $M_{i}$ over $F$ with co-
efficients in $E$ for $1\leq i\leq n$ . We assume that $M_{i}$ is of rank 2 for every $i$ and
let
$H_{r,B}(M_{i})\otimes_{E},{}_{\sigma}C=H^{a:(r,+),a_{i}(r,-)}(\tau, \sigma, M_{i})\oplus H^{a_{i}(r,-),a_{i}(\tau,+)}(\tau, \sigma, M_{i})$,
$1\leq i\leq n,$ $\tau\in Jp$ . We assume that $a;(\tau, +)>a_{i}(\tau, -)$ for every $\tau\in J_{F}$ and $i$ . We
shall give a formula for $c_{r}^{\pm}(M_{1}\otimes M_{2}\otimes\cdots\otimes M_{n})$ , which is suggested by Blasius
[2]. Let $\Lambda$ be the set of all maps from $\{1\cdot, 2, \cdots n\}$ to $\{\pm 1\}$ . Set
$\Lambda_{\pm}=$ { $\lambda\in$ A $|$ $\lambda(i)=\pm 1$ },
$i=1$
$\Lambda^{+}=$ { $\lambda\in$ A $| \sum^{n}a_{i}(\tau,$ $\lambda(i))>\sum^{n}a;(\tau,$ $-\lambda(i))$ }.
$i=1$ $i=1$
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We have $|\Lambda_{\pm}|=2^{n-1}$ . We assume that
(3.9) $\sum_{i=1}^{n}a;(\tau, \lambda(i))\neq\sum_{1=1}^{n}a;(\tau, -\lambda(i))$ for every $\lambda\in\Lambda$ .
We note that if (3.9) is not satisfied, then the action of $F_{\infty_{f}}$ on $H^{pp}(\tau,$ $\sigma,$ $M_{1}\otimes$
. . $.\otimes M_{n}$ ) is not a scalar. By (3.9), we have $|\Lambda^{+}|=2^{n-1}$ since $\lambda\in\Lambda^{+}$ is equivalent
$to-\lambda\not\in\Lambda^{+}$ . Let $n_{i}$ (resp. $m_{i}$ ) be the number of $\lambda\in\Lambda^{+}$ such that $\lambda(i)=1$ (resp.
$\lambda(i)=-1)$ . We have
(3.10) $n;+m_{i}=2^{n-1}$ .
PROPOSITION 3.2. We assume that (3.9) holds for every $\tau\in J_{F}$ . Then we $have$
$c_{r}^{\pm}(M_{1} \otimes M_{2}\otimes\cdots\otimes M_{n})=\prod_{i=1}^{n}(c_{r}^{+}(M_{i})c_{r}^{-}(M_{i}))^{(n_{i}-m;)/2}\delta_{r}(M_{i})^{m;}$ .
PROOF: Take $u_{i}^{\pm}$ so that
$Eu_{i}^{\pm}=H_{\tau,B}^{\pm}(M_{i})$ , $1\leq i\leq n$ .
Choose $d_{1}^{-}$ so that
$(E\otimes F)d_{i}^{-}=F^{-}(M_{i})=F^{+}(M_{i})$
and choose $d_{i}^{+}$ so that
$H_{DR}(M_{i})=(E\otimes F)d_{i}^{+}+(E\otimes F)d_{i}^{-}$ , $1\leq i\leq n$ .
Let
$I_{r}^{M_{i}}$ : $H_{r,B}(M_{i})\otimes_{Q}C\cong H_{DR}(M_{i})\otimes_{F},{}_{\tau}C$
be the canonical isomorphism and put
$I_{r}^{M:}(u^{\pm}|)=x_{i^{\pm}}^{+)}d_{i}^{+}+x_{i}^{-,\pm}d_{i}^{-}$, $1\leq i\leq n$
with $x_{i}^{\pm,\pm}\in E\otimes_{Q}$ C. Then we have
$c_{\tau}^{\pm}(M_{i})=x_{1}^{+,\pm}$ , $\delta_{r}(M_{i})=\det(x_{i^{-}}^{+,+}\dotplus x\cdot$ $x_{i}^{1}x_{-,-}^{-,+})$ .
A basis of $H_{r,B}^{\pm}(M_{1}\otimes\cdots\otimes M_{n})$ over $E$ is given by $\otimes_{i=1}^{n}u_{i}^{\epsilon(i)}$ when $\epsilon$ extends over
$\Lambda\pm\cdot$ Also we see easily that a basis of $H_{DR}^{\pm}(M_{1}\otimes\cdots\otimes M_{n})$ is given by $\otimes_{i=1}^{n}d_{1}^{\lambda(i)}$
$mod F^{-}(M_{1}\otimes\cdots\otimes M_{n})$ when $\lambda$ extends over $\Lambda^{+}$ . Since
$\otimes_{i}I_{r}^{M:}(\otimes_{i}u_{i}^{\epsilon(i)})=\otimes;(x_{i}^{+,\epsilon(i)}d_{1}^{+}+x_{i}^{-,\epsilon(i)}d_{i}^{-})=\sum_{\lambda\in\Lambda+}\prod_{i=1}^{n}x^{\lambda(i),\epsilon(i)}|\otimes;d_{1}^{\lambda(i)}$
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$mod F^{-}(M_{1}\otimes M_{2}\otimes\cdots\otimes M_{n})$ , we have
$c_{r}^{\pm}(M_{1}\otimes M_{2}\otimes\cdots\otimes M_{n})=\det(X^{\pm})$ ,
where $X^{\pm}$ is the $2^{n-1}\cross 2^{n-1}$ -matrix whose $(\lambda, \epsilon)$-entry for $\lambda\in\Lambda^{+},$ $\epsilon\in\Lambda\pm is$ given
by $\Pi_{1}^{n_{=1}}x_{i}^{\lambda(i),\epsilon(i)}$ . We shall prove the formula for $c_{r}^{+}$ since the other case can be
shown similarly.
It suffices to show
(3.11) $\det(X^{+})=c\prod_{i=1}^{n}(x_{i}^{+,+}x_{i}^{+,-})^{(n;-m:)/2}(x_{i}^{+,+}x_{i}^{-,-}-x_{i}^{-,+}x_{i}^{+,-})^{m_{i}}$ , $c\in Q$ ,
regarding $x_{i}^{\pm,\pm},$ $1\leq i\leq n$ as indeterminates. It is obvious that $\det(X^{+})$ is a
homogeneous polynomial of degree $2^{n-1}n$ with Z-coefficients of $4n$-variables $X_{1}^{\pm,\pm}$ .
Fix $i,$ $1\leq i\leq n$ . If we change variables $x_{\dot{*}}^{+,\pm}arrow\mu x_{i}^{+,\pm}$ with $\mu\in C$ , then every
$(\lambda, \epsilon)$ -entry of $X^{+}$ with $\lambda(i)=1$ is multiplied by $\mu$ . Hence $\det(X^{+})$ is multiplied
by $\mu^{n_{i}}$ . Therefore we have
(3.12) $\det(X^{+})=\sum_{a+b=n:}(x_{i}^{+,+})^{a}(x_{i}^{+,-})^{b}Q_{a,b}$
where $Q_{a,b}$ is a polynomial which does not contain the variables $x_{i}^{+,\pm}$ . Suppose
$\lambda\in\Lambda^{+},$ $\lambda(i)=-1$ . Put $\lambda’(j)=\lambda(j),$ $j\neq i,$ $\lambda’(i)=1$ . Then $\lambda’\in\Lambda^{+}$ since
$a;(\tau, +)>a_{i}(\tau, -)$ . Thus we may set
$X^{+}=(x^{i}Cx^{\frac{i}{i}+}Cx_{+,+}^{+,+}A$ $x^{\frac{i}{i}-}Dx^{i}x_{+,-}^{+,-}DB)$
where $A,$ $B,$ $C$ and $D$ are $(n_{i}-m_{i})\cross 2^{n-2},$ $(n;-m;)\cross 2^{n-2},$ $m;\cross 2^{n-2}$ and
$m_{i}\cross 2^{n-2}$ matrices respectively which does not contain the variables $x_{i}^{\pm,\pm}$ . By
standard operations on matrices, we have
$\det(X^{+})=\det(x_{i}^{i}Cx_{+,+}^{+}A0^{+}$ $x_{i}^{-,-}D-(x^{x}x^{B_{i}}x_{\frac{+ii}{i}+^{-}}^{+,-}D_{+,-/x_{i}^{+,+})D})$
$=\det(\begin{array}{lllll}A x_{i}^{+,+}x_{i}^{+}’ -B C 0 0 (x_{*}^{+,+_{X_{\dot{|}}}-} --x_{i}^{-} +_{x_{i}^{+}} -)D\end{array})$




where $P_{j}$ is a polynomial which does not contain the variables $x_{i}^{\pm,\pm}$ . By (3.12),
$P_{j}=0$ except for $m;+2j=n;$ . Therefore we have
$\det(X^{+})=(x_{i}^{+,+}x_{i}^{-,-}-x_{i}^{-,+}x_{i}^{+,-})^{m:}(x_{i}^{+,+}x_{i}^{+,-})^{(n_{i}-m:)/2}Q$
where $Q$ is a polynomial with Q-coefficients which does not contain the variables
$x_{i}^{\pm,\pm}$ . Since this expression holds for arbitrary $i$ , we obtain (3.11). This completes
the proof.
\S 4. On motives attached to Hilbert modular forms and Shimura’s invariants
Let $F$ be a totally real algebraic number field of degree $n$ over Q. Let $k=$
$(k(\tau))\in Z^{J(F)}$ be a weight. By the Hilbert modular cusp form of weight $k$ ,
we understand an element of $S_{k}(c, \psi)$ in the notation of Shimura [12], p. 649.
Assume that $f$ is a non-zero common eigenfunction of all Hecke operators. We
attach Dirichlet series $D(s, f)$ to $f$ by (2.25) of [12]. Now the form of the Gamma
factor and the functional equation of $D(s, f)$ (cf. (2.47), (2.48) of [12]) suggest the
following conjecture.
CONJECTURE 4.1. Assume $k(\tau)mod 2$ is independen $t$ of $\tau$ an$d$ put
$k_{0}= \max_{r\in J_{F}}k(\tau)$ . Let $E$ be the algebraic number field of finite degree generated
by eigenvalues of Hecke operators of $f$ (cf. [12], Prop. 2.8. ). Then there exists a
motive $M_{f}$ over $F$ with coefficients in $E$ which satisfies the following $con$ditions.
(1) $L(\sigma, M_{f}, s)=D(s, f^{\sigma})$ for every $\sigma\in J_{E}$ .
(2) $H_{\tau,B}(M_{f})\otimes_{E},{}_{\sigma}C\cong H^{(k_{0}+k(\tau))/2-1,(k_{0}-k(r))/2}(\tau, \sigma, M_{f})\oplus$
$H^{(k_{0}-k(r))/2,(k_{0}+k(r))/2-1}(\tau,\sigma, M_{f}),$ $\sigma\in J_{E},$ $\tau\in J_{F}$ .
(3) $\wedge^{2}M_{f}\cong Art_{\psi-1}(1-k_{0})$ where $Art_{\psi-1}$ denotes th $e$ Artin motive attached to $\psi$ .
Let $\chi$ be a Hecke character of $F$ of finite order. Let $c$ be the conductor of $\chi$ and
$Q(\chi)$ be the field generated over $Q$ by values of $\chi$ . As in [6], \S 6, we can attach a
motive $Art_{\chi}=N_{\chi}$ over $F$ with coefficients in $Q(\chi)$ such that $L(s, \chi^{\sigma})=L(\sigma, N_{\chi}, s)$
for every $\sigma\in J_{Q(\chi)}$ . The rank of $N_{\chi}$ is 1 and the Hodge type of $H_{r,B}(N_{\chi})\otimes_{Q}C$
is $(0,0)$ for every $\tau\in J_{F}$ . For the real archimedean place $\infty_{\mathcal{T}}$ corresponding to
$\tau\in J_{F}$ , we have
(4.1) $\chi_{\infty_{\tau}}(x)=sgn(x)^{m_{r}}$ , $x\in k_{\infty_{r}}^{x}\cong R^{x}$ , $m_{r}=0$ or 1.
If $m_{r}=0$ (resp. $m_{\tau}=1$ ), then $F_{\infty_{r}}$ acts on $H_{\tau,B}(N_{\chi})$ by 1 (resp. $-1$ ). We are
going to calculate $\delta(R_{F/Q}(N_{\chi}))$ .
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For this purpose, let us recall the following facts concerning an Artin motive
$M$ over Q. Let $p$ be a representation of Gal(Q/Q) into $GL(V)$ where $V$ is a vector
space over $E$ of finite dimension $m$ . Then there exists an Artin motive $M=Art_{\rho}$
over $Q$ with coefficients in $E$ such that (cf. [6])
(4.2) $L(s, \rho^{\sigma})=L(\sigma, M, s)$ for every $\sigma\in J_{E}$ ,
(4.3) $H_{B}(M)=V$, $H_{DR}(M)=(V\otimes_{Q}\overline{Q})^{Gd(\overline{Q}/Q)}$ .
Obviously $\delta(M)=\delta(\wedge^{m}M)and\wedge^{m}M$ is the Artin motive attached to the rep-
resentation $\det\rho$ of Gal(Q/Q). For a Dirichlet character $\eta$ of $Q$ of conductor $(f)$ ,
$f>0$ , put
(4.4) g0 $( \eta)=\sum_{u=1}^{f}\eta(u)\exp(2\pi\sqrt{-1}u/f)$ .
Then, as is shown in [6], \S 6, we have
(4.5) $\delta(\wedge M)=g_{0}((\det\rho)_{*})^{-1}m$
where $(\det p)_{*}$ denotes the Dirichlet character associated to $\det\rho$ .
We may regard $\chi$ as a character of $Ga1(K/F)$ where $K$ is a finite Galois ex-
tension of Q. Put $\rho=Ind(\chi;Ga1(K/F)arrow Ga1(K/Q))$ . Then $R_{F/Q}(N_{\chi})$ is the
Artin motive associated with $\rho$ . We have (cf. [5], Prop. 1.2)
$(\det\rho)(\sigma)=\chi(t(\sigma))\epsilon(\sigma)$ , $\sigma\in Ga1(K/Q)$
where $t$ denotes the transfer map from $Ga1(K/Q)^{ab}$ to $Ga1(K/F)^{ab}$ and $\epsilon$ denotes
the determinant of the left regular representation of $Ga1(K/Q)$ on
Gal(K/Q)/Gal(K/F). Let $x*denote$ the character of ideal class group of conduc-
tor $\mathfrak{c}$ of $F$ associated with $\chi$ and let $\epsilon_{*}$ denote the Dirichlet character associated
with $\epsilon$ . We have
$(\det\rho)_{*}(n)=\chi_{*}(n)\epsilon_{*}(n)$ , $n\in Z$ , $n>0$ .
Define a Gauss sum by
(4.6)
$g( \chi)=\sum_{o_{F}^{-1}x\in c^{-1}/v_{F}^{-1},x>>0}\chi_{*}(xc0_{F})\exp(2\pi\sqrt{-1}Tr_{F/Q}(x))$
where $v_{F}$ denotes the different of $F$ .
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LEMMA 4.2. Put $E=Q(\chi)$ . We have $g(\chi)/go(\det p)\in E\vee\tilde{F}$ .
We omit the proof which is not difficult.
Let $M=M_{f}$ and $N=N_{\chi}$ be as above. Define $m_{r}=0,1$ by (4.1) and let
$\epsilon_{\tau}=+(resp. -)$ if $m_{\tau}=0$ (resp. 1) for $\tau\in Jp.$ We assume that $k(\tau)\geq 2$ for
every $\tau$ . Let $E$ denote the number field generated by the eigenvalues of $f$ under
Hecke operators and the values of $\chi$ . By (3.4), we have
$c_{r}^{+}(M\otimes N)=c_{r}^{\epsilon_{r}}(M)\delta_{r}(N)$ , $c_{r}^{-}(M\otimes N)=c_{r}^{-\epsilon_{r}}(M)\delta_{\tau}(N)$ .
By Proposition 2.1, we have
$c^{+}(R_{F/Q}(M \otimes N))=\prod_{r}c_{r}^{\epsilon_{r}}(M)\delta_{\tau}(N)$ , $c^{-}(R_{F/Q}(M \otimes N))=\prod_{r}c_{r}^{-\epsilon_{\tau}}(M)\delta_{\tau}(N)$
modulo $(E\vee\tilde{F})^{\cross}$ . We have, by Lemma 4.2,
$\prod_{\tau}\delta_{r}(N)=\delta(R_{F/Q}(N))=g_{0}(\det\rho)^{-1}=g(\chi)^{-1}$
modulo $(E\vee\tilde{F})^{\cross}$ . By (3.8) we obtain
$c^{+}((R_{F/Q}(M\otimes N))(m))=\{\begin{array}{l}(2\pi\sqrt{-1})^{nm}\Pi c_{f}^{\epsilon_{\tau}}(M)g(\chi)^{-l}ifmiseven(2\pi\sqrt{-1})^{nm}\Pi c_{\tau}^{-\epsilon_{r}}(M)g(\chi)^{-l}ifmisodd\end{array}$
modulo $(E\vee\tilde{F})^{\cross}$ . Put
$D(s, f, \chi^{-1})=\sum_{\mathfrak{n}}c(\mathfrak{n}, f)\chi(n)^{-1}N(\mathfrak{n})^{-s}$ .
Then Deligne’s conjecture predicts
(4.7) $D(m, f, \chi^{-1})/((2\pi\sqrt{-1})^{nm}\prod_{\tau\in J_{F}}c_{r}^{(-1)^{m}\epsilon_{\tau}}(M)g(\chi)^{-1})\in E\vee\tilde{F}$
if $m\in Z$ is critical for $R_{F/Q}(M\otimes N)$ , that is
$(k_{0}- \min_{\tau\in J_{F}}k(\tau))/2<m\leq(k_{0}+\min_{r\in J_{F}}k(\tau))/2-1$ .
(cf. (2.9) in \S 2.)
We see easily that (4.7) is consistent with Theorem 4.3, (I) of [12] by putting
(4.8) $u(r, f)= \prod_{\tau}c_{r}^{\epsilon_{\tau}}(M_{f})$ , $r=(m_{\tau})$ .
However Shimura’s result is more precise in two points. First it is shown that the
quantity on the left of (4.7) belongs to $E$ . Secondly it transforms covariantly under
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$\sigma\in J_{E}$ . We note one more important fact which cannot be derived from Deligne’s
conjecture. Define
$I(f^{\sigma})=(2\pi\sqrt{-1})^{n(1-k_{0})}\pi^{\Sigma_{\tau\in J_{F}}k(\tau)}g(\psi)^{-1}\{f^{\sigma},$
$f^{\sigma}$ ), $\sigma\in J_{E}$
where $E$ denotes the field generated by eigenvalus of Hecke operators of $f$ . Consider





Now let $f\in S_{k}(c, \psi),$ $g\in S_{l}(c, \varphi)$ which are common eigenfunctions of all Hecke
operators. Let
$D(s, f)= \sum_{\mathfrak{n}}c(\mathfrak{n}, f)N(\mathfrak{n})^{-s}$, $D(s,g)= \sum_{\mathfrak{n}}c(\mathfrak{n},g)N(\mathfrak{n})^{-s}$ ,
$k_{0}= \max_{r\in J_{F}}k(\tau)$ , $l_{0}= \max_{r\in J_{F}}l(\tau)$ .
Put
$D(s, f,g)= \sum_{\mathfrak{n}}c(\mathfrak{n}, f)c(\mathfrak{n},g)N(\mathfrak{n})^{-s}$ ,
$\mathfrak{D}_{c}(s, f,g)=L_{\mathfrak{c}}(2s+2-k_{0}-l_{0}, \psi\varphi)D(s, f,g)$ .
Here $L_{c}$ denotes the L-function whose Euler p-factors are dropped for $p|c$ . Then
$\mathfrak{D}_{c}(s,f,g)$ coincides with the L-function $L(id., M_{f}\otimes M_{g}, s)$ up to finitely many










Let $E$ be the field generated by eigenvalues of Hecke operators of $f$ and $g$ .
First we assume that
$k(\tau)>l(\tau)$ for every $\tau\in J_{F}$ .
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By Proposition 3.2 and (4.11), we obtain
$c^{+}(R_{F/Q}((M_{f}\otimes M_{g})(m))$
$=(2\pi\sqrt{-1})^{2mn}c^{+}(R_{F/Q}(M_{f}))c^{-}(R_{F/Q}(M_{f}))\delta(R_{F/Q}(M_{g}))$ $mod (E\vee\tilde{F})^{x}$ .




$=(2\pi\sqrt{-1})^{n(2m+1-l_{0})}g(\varphi)\{I(f^{\sigma})\}$ $mod (E\vee\tilde{F})^{x}$ .
From (4.12), we see easily that Deligne’s conjecture is consistent with Shimura [12],
Theorem 4.2. However Shimura’s result is more precise in two points mentioned
above and also in that the condition on weights is less restrictive.
Next assume that
$k(\tau)>l(\tau)$ for $\tau\in\delta$ , $k(\tau)<l(\tau)$ for $\tau\in\delta’$
where $\delta$ and $\delta’$ are subsets of $J_{F}$ such that $\delta\cup\delta’=Jp,$ $\delta\cap\delta’=\phi$ . By Proposition
3.2, we have













if $m$ is critical for ${\rm Res}_{F/Q}(M_{f}\otimes M_{g})$ , that is
$\frac{k_{0}+l_{0}}{2}-\frac{|k(\tau)-l(\tau)|}{2}-1<m<\frac{k_{0}+l_{0}}{2}$ $\frac{|k(\tau)-l(\tau)|}{2}$
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for all $\tau\in J_{F}$ .
We shall show that (4.14) is consistent with Shimura’s results and a part of
his conjectures. (The part involving modular forms of half integral weight shall
remain mysterious.)
Let $\chi$ (resp. $\chi’$ ) be the system of eigenvalues of Hecke operators attached to $f$
(resp. $g$ ). Set
(4.15) $Q( \chi, \delta)=\pi^{(k_{0}-1)|\delta|-\Sigma_{r\epsilon\iota}k(\tau)}\prod_{r\in\delta}c_{\tau}^{+}(M_{f})c_{r}^{-}(M_{f})$ .
We note that
$D(s, \chi, \eta)=\sum_{\alpha}\eta(\mathfrak{U})\chi(\mathfrak{U})N(\mathfrak{U})^{-s-1}=D(s+\frac{k_{0}}{2}, f, \eta)$
when $\eta$ is a Hecke chracter of finite order of $F$ ,
$D(s, \chi,\chi’)=\sum_{\alpha}\chi(\mathfrak{U})\chi’(\mathfrak{U})N(\mathfrak{U})^{-s}=D(s+\frac{k_{0}+l_{0}}{2}-2, f,g)$
in the normalization of Shimura [15], [16]. By (4.14) and (4.15), we obtain
$D( \frac{t}{2},\chi, \chi’)=D(\frac{t}{2}+\frac{k_{0}+l_{0}}{k(r)2}-2_{\delta},f,g)\sim\pi^{tn+\Sigma_{\tau\in\delta}+\Sigma_{r\epsilon},l(\tau)_{\pi^{-2n}Q(\chi,\delta)Q(\chi’,\delta’)/L_{c}(t-2,\psi\varphi)}}$
if $t\in Z$ satisfies
$t\equiv k_{0}+l_{0}mod 2$ ,
$- \frac{|k(\tau)-l(\tau)|}{2}+1<\frac{t}{2}\leq\frac{|k(\tau)-l(\tau)|}{2}+1$ for every $\tau\in J_{F}$ .
Since $L_{c}(t-2, \psi\varphi)\sim\pi^{(t-2)n}$ , we obtain
(4.16) $D( \frac{t}{2}, \chi, \chi’)\sim\pi^{\Sigma_{\tau\epsilon t}k(r)+\Sigma_{r\in\delta’}l(r)_{Q(\chi,\delta)Q(\chi’,\delta’)}}$ .
This is consistent with Theorem 5.3 of [15] and the definition of $Q(\chi, \delta)$ in [16].
Next we assume that $k(\tau)$ is even for every $\tau\in J_{F}$ and put, for $r\in(Z/2Z)^{J_{F}}$ ,
$\delta\subseteq J_{F}$ ,
(4.17) $V( \chi, r)=\pi^{nk_{0}/2}\prod_{r\in J_{F}}c_{r}^{(-1)^{k_{0}/2}r_{r}}(M_{f})$ ,
(4.18) $P( \chi, \delta, r)=\pi^{-\Sigma_{r\in\delta}k(r)/2}\pi^{k_{0}|\delta|/2}\pi^{-|\delta|}\prod_{r\in\delta}c_{\tau}^{(-1)^{k_{0}/2}r_{r}}(M_{f})$.
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If $t$ is an integer such that $|t|<k(\tau)/2$ for every $\tau$ and $\eta$ is a Hecke character of
finite order of $F$ such that
$\eta(x)=sgn(x)^{t+r}$ , $x\in F_{\infty}^{x}$ ,
then we have
$D(t, \chi, \eta)=D(t+\frac{k_{0}}{2}, f, \eta)\sim\pi^{n(t+ko/2)}\prod_{\tau\in J_{F}}c_{r}^{(-1)^{k_{0}/2}r_{r}}(M_{f})\sim\pi^{nt}V(\chi, r)$.
This is consistent with (8.2a) of [16].
We see easily that $\overline{\chi}$ attaches to $f\otimes\psi^{-1}$ . Since we have assumed that $k(\tau)$ is
even for every $\tau,$ $\psi(x)=1,$ $x\in F_{\infty}^{x}$ holds. Therefore $c_{r}^{\pm}(M_{f})\sim c_{r}^{\pm}(M_{f}\otimes Art_{\psi})$ for
every $\tau$ . Thus we may take $P(\overline{\chi}, \delta, r)\sim P(\chi, \delta, r)$ for every $\delta\subseteq J_{F},$ $r\in(Z/2Z)^{J_{F}}$ .
Now (C3) and (C4) of [16], p. 293 state that
(4.19) $V(\chi, r)\sim\pi^{(\Sigma_{r\in J_{F}}k(\tau)/2)+n}P(\chi, \delta,r)P(\overline{\chi}, \iota-\delta, r-r\delta)$
(4.20) $Q(\chi, \delta)\sim\pi^{|\delta|}P(\chi, \delta, r)P(\overline{\chi}, \delta, \delta-r)$
for every $r\in(Z/2Z)^{J_{F}},$ $\delta\subseteq J_{F}$ . It is obvious that (4.19) and (4.20) follow from
(4.15), (4.17) and (4.18) in view of $P(\chi, \delta, r)\sim P(\overline{\chi}, \delta,r)$ .
\S 5. Special values of zeta functions of Shimura varieties
Let $M$ be a motive over $F$ with coefficients in $E$ . Let $M’=\otimes_{\Omega}{\rm Res}_{F/F’}M$ .
Our first task is to compute $\tau’$-periods, $\tau’\in J_{F’}$ of $M$‘ from $\tau$-periods, $\tau\in J_{F}$ of
$M$ . For this purpose, we supplement Conjecture 1.5 with specifying Betti and de
Rham realizations of $M’$ .
Let $\tau’\in J_{F’}$ and take any $\tilde{\tau}’\in G$ such that $\tilde{\tau}’|F’=\tau’$ . Then { $\tilde{\tau}’s_{i}|F$ I $1\leq i\leq$
$r\}$ defines a set of r-distinct elements of $J_{F}$ which does not depend on the choice
of $\tilde{\tau}$‘ and $s;$ . We have
(5.1) $H_{\tau’,B}(M’)=\otimes_{i=1}^{f}H_{\tilde{r}’s_{i}|F,B}(M)$
where $\otimes_{i=1}^{r}$ denotes the tensor product as E-modules. If
$H_{r,B}(M)\otimes_{E},{}_{\sigma}C=\oplus H^{pq}(\tau, \sigma, M)$ , $\tau\in J_{F}$ , $\sigma\in J_{E}$
is the Hodge decomposition,
(5.2) $H_{r’,B}(M’)\otimes_{E},{}_{\sigma}C=\otimes_{i=1}^{f}H^{pq}(\tilde{\tau}’s_{i}|F,\sigma, M)$
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is the Hodge decomposition of $H_{r’,B}(M’)$ .
The de Rham realization of $M’$ is
(5.3) $H_{DR}(M’)=(\otimes_{i}^{\tau_{=1}}(H_{DR}(M)\otimes_{F,s_{i}}Q))^{Ga1(\overline{Q}/F’)}$,
where $\otimes_{i=1}^{f}$ denotes the tensor product as $E\otimes_{Q}$ Q-modules and $\sigma\in Ga1(\overline{Q}/F’)$
acts as
$\sigma(\otimes_{i=1}^{f}(v_{i}\otimes_{F,s_{i}}a_{i}))=\otimes_{i=1}^{f}(v;\otimes p_{\sigma s:}\sigma(a;))$, $v_{i}\in H_{DR}(M)$ , $a;\in\overline{Q}$.
Since $H_{DR}(M)$ has a structure of free $E\otimes_{Q}$ F-module, we can verify that the
right hand side of (5.3) has a natural structure of free $E\otimes_{Q}$ F’-module of rank $=$
$rank(M)$‘. From (5.3), we obtain an isomorphism as $E\otimes_{Q}$ $C$ -modules-
(5.4) $H_{DR}(M’)\otimes’,$ , $\tau’\in J_{F’}$ .
Here the isomorphism is given by
$(\otimes_{i}^{r_{=1}}(v_{i}\otimes_{F,s;}a_{i}))\otimes_{F’,r’}1arrow(\otimes_{i=1}^{r}(v_{i}\otimes F,\tilde{r}’s_{i}|F\tilde{\tau}’(a_{i}))$, $v;\in H_{DR}(M)$ , $a;\in\overline{Q}$.
For $\tau\in J_{F}$ , let
$I_{r}$ : $H_{r,B}(M)\otimes_{Q}C\cong H_{DR}(M)\otimes_{F},{}_{r}C$
be the canonical isomorphism of $E\otimes_{Q}$ C-modules. Let $\tau’\in J_{F’}$ . In view of (5.1)
and (5.4), we can take the canonical isomorphism
$I_{\tau’}$ : $H_{\tau’,B}(M’)\otimes_{Q}C\cong H_{DR}(M)\otimes_{F’,\tau’}C$
as
(5.5) $I_{\tau’}=\otimes_{i=1}^{r}I_{\tilde{r}’s_{i}|F}$ .
PROPOSITION 5.1. Let $M$ be a moti$1^{\gamma}e$ over $F$ with coeflicients in E. We assume
that $M$ is of rank 2 an$d$ let
$H_{r,B}(M)\otimes_{E},{}_{\sigma}C=H^{a(r,+),a(r,-)}(\tau, \sigma, M)\oplus H^{a(r,-),a(\tau,+)}(\tau,\sigma,M)$ ,
$\tau\in J_{F},$ $\sigma\in J_{E}$ be the Hodge decomposition. We assume
(56) $a(\tau, +)>a(\tau, -)$ .
Let $\Omega$ be any subset of Gal(Q/Q)/Gal(Q/F) such that $|\Omega|=r\geq 2$ . Defin$eF’$
and $M’=\otimes_{\Omega}{\rm Res}_{F/F},M$ as above. Let $\Lambda$ be the set of all maps from $\{1, 2, \cdots r\}$
to $\{\pm 1\}$ . We assume that
(5.7) $\sum_{i=1}^{r}a(\tilde{\tau}’s;|F, \lambda(i))\neq\sum_{i=1}^{f}a(\tilde{\tau}’s;|F, -\lambda(i))$
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holds for every $\lambda\in\Lambda$ . Set
$\Lambda^{+}=\{\lambda\in\Lambda|\sum_{i=1}^{r}a(\tilde{\tau}’s_{i}|F, \lambda(i))>\sum_{i=1}^{r}a(\tilde{\tau}’s_{i}|F, -\lambda(i))\}$ .
and let $n$ ; (resp. $m_{i}$) be the number of $\lambda\in\Lambda^{+}such$ that $\lambda(i)=1$ (resp. $\lambda(i)=-1$ ),
$1\leq i\leq r$ . ( $n$ ; and $m$; depend on $\tau’.$) Then we have, modulo $E\vee\tilde{F}$ ,
(5.8) $c_{r}^{\pm,}(M’)= \prod_{i=1}^{f}(c_{\tilde{r}s;|F}^{+,}(M)c_{\tilde{r}’s_{i}|F}^{-}(M))^{(n;-m_{i})/2}\delta_{\tilde{r}’s|F}(M)^{m_{i}}$
for every $\tau^{/}\in J_{F’}$ .
PROOF: For every $\tau\in J_{F}$ , take $u_{r}^{\pm}$ so that
$Eu_{\tau}^{\pm}=H_{r,B}^{\pm}(M)$ .
Take $d^{-}$ so that
$(E\otimes F)d^{-}=F^{-}(M)=F^{+}(M)$ ,
and then take $d^{+}$ so that
$H_{DR}(M)=(E\otimes F)d^{+}+(E\otimes F)d^{-}$ .
Put
$I_{\tilde{\tau}’s;|F}(u_{\tilde{r}s_{i}|^{p}|}^{\pm,})=x_{i}^{+,\pm}d^{+}+x^{-,\pm}d^{-}$ ,
with $x_{\dot{\iota}}^{\pm,\pm}\in E\otimes_{Q}$ C. Then we have
$c_{\tilde{r}s;|F}^{\pm,}(M)=x_{i^{\pm}}^{+)}$ , $\delta_{\tilde{\tau}’s:|F}(M)=\det(x^{+,-}|x_{1}^{+,+}$ $x^{\frac{i-}{i}-}x^{+})$ .
These quantities are elements of $(E\otimes_{Q}C)^{\cross}$ determined modulo multiplications
by $E\vee\tilde{F}$ . Set
$\Lambda\pm=\{\lambda\in\Lambda|\prod_{i=1}^{f}\lambda(i)=\pm 1\}$ .
By (5.1), a basis of $H_{r}^{\pm}(M’)$ over $E$ is given by $\otimes_{i=1}^{n}u_{\tilde{r}s}^{\epsilon(1)_{||F}}$ when $\epsilon$ extends over
$\Lambda\pm\cdot$ By (5.2) and (5.7), we have $F^{+}(M’)=F^{-}(M’)$ . A basis of $H_{DR}(M’)\otimes_{F’,\tau’}\tilde{F}$
modulo $F^{-}(M’)\otimes_{F’,r’}\tilde{F}$ over $E\otimes_{Q}\tilde{F}$ is given by $\otimes_{i=1}^{r}d^{\lambda(i)}$ where $\lambda$ extends over




$mod F^{-}(M’)\otimes_{F’,r’}\tilde{F}$ . Therefore we obtain
$c_{\tau}^{\pm},(M’)=\det(X^{\pm})$
where $X^{\pm}$ is the $2^{r-1}\cross 2^{r-1}$ -matrix whose $(\lambda, \epsilon)$ -entry for $\lambda\in\Lambda^{+},$ $\epsilon\in\Lambda\pm is$ given
by $\prod_{i=1}^{r}x_{i}^{\lambda(i),\epsilon(i)}$ . Now (5.8) follows from (3.10) (and from the same formula for
$\det(X^{-}))$ . This completes the proof.








$mod E\vee\tilde{F}$ , where $n’=[F’ : Q]$ .
Now let $f\in S_{k}(c,\psi)$ be a new form and let $M_{f}$ be the motive over $F$ with
coefficients in $E$ attached to $f$ as is given in Conjecture 4.1. We set $M_{f}’=$
$\otimes_{\Omega}{\rm Res}_{F’/F}(M_{f})$ . We regard $c^{+}({\rm Res}_{F’/Q}(M_{f}’)(m))$ as a complex number fixing
an embedding $E\subset$ C. $Since\wedge^{2}M_{f}\cong Art_{\psi^{-1}}(1-k_{0})$ , we have $\delta_{\tau}(M_{f})\sim\pi^{1-k_{0}}$





(5.12) $L(m, M_{f})\sim c^{\pm}({\rm Res}_{F’/Q}(M_{f}’)(m))$
if $m\in Z$ is critical for $M_{f}’$ . In view of the relation (4.15) of $Q(\chi, \delta)$ with $c_{r}^{\pm}(M_{f})$ ,
$c^{\pm}({\rm Res}_{F’/Q}(M_{f}’)(m))$ can be expressed as a product of $\pi$ and $Q(\chi, \delta)$ . (Note that
we have assumed $r\geq 2$ ). Here $\chi$ denotes the system of eigenvalues of Hecke
operators attached to $f$ .
We shall show that (5.11) and (5.12) are in perfect accordance with a certain
result of Shimura [14], II. Assume that $F$ contains a subfield $F_{0}$ such that $[F:F_{0}]=$
2. Set $\Omega=Ga1(\overline{Q}/F_{0})/Ga1(\overline{Q}/F)$ . Then we have $H’=Ga1(\overline{Q}/F_{0}),$ $F’=F_{0}$ .
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Apply the above construction. We obtain a motive $M_{f}’$ over $F’$ with coefficients in
$E$ . Set
$J_{F’}=\{\tau_{1}, \tau_{2}, \cdots\tau_{n/2}\}$
and choose $\tilde{\tau}_{i}\in Jp$ so that $\tilde{\tau}_{i}|F’=\tau;,$ $1\leq i\leq n/2$ . Let $\sigma$ be the generator of
$Ga1(F/F’)$ . We assume that the weight of $f$ satisfies
(5.13) $k(\tilde{\tau}_{i}|F)>k(\tilde{\tau}_{i}\sigma|F)$ , $1\leq i\leq n/2$ .
Then we have $n_{1}=2,$ $m_{1}=0,$ $n_{2}=1,$ $m_{2}=1$ for every $\tau’\in J_{F’}$ . Hence we get
(5.14) $c^{\pm}({\rm Res}_{F’/Q}(M_{f}’)(m)) \sim\pi^{mn}\pi^{(1-k_{0})n/2}\prod_{i=1}^{n/2}(c_{\tilde{\tau}}^{+_{1}}(M_{f})c_{\tilde{r}_{i}}^{-}(M_{f}))$
by (5.11). Set
$\delta=\{\tilde{\tau}_{1},\tilde{\tau}_{2}, \cdots\tilde{\tau}_{n/2}\}\subset J_{F}$ .
Since
$Q( \chi, \delta)\sim\pi^{(k_{0}-1)n/2-\Sigma_{r\epsilon\delta}k(r)}\prod_{i=1}^{n}(c_{\tilde{\tau}}^{+_{||F}}(M_{f})c_{\tilde{r}:|F}^{-}(M_{f}))$ ,
we obtain
$C^{\pm}({\rm Res}_{F’/Q(M_{f}’)(m))\sim\pi^{mn}\pi^{(1-k_{0})n}\pi^{\Sigma_{r\epsilon\delta}k(r)}Q(\chi,\delta)}$.
By (2.9), Conjecture 4.1 and (5.2), we see easily that $m\in Z$ is critical for $M_{f}’$ if
and only if
$k_{0}- \frac{k(\tilde{\tau}_{i}|F)-k(\tilde{\tau}_{i}\sigma|F)}{2}-1<m\leq k_{0}+\frac{k(\tilde{\tau}_{i}|F)-k(\tilde{\tau}_{i}\sigma|F)}{2}-1$
holds for every $1\leq i\leq n/2$ . Put
$L^{*}(s, \chi)=L(s+k_{0}-2, M_{f}’)$ .
Then if $m\in Z$ satisfies
(5.15) $1- \frac{k(\tilde{\tau}_{i}|F)-k(\tilde{\tau}_{i}\sigma|F)}{2}<m\leq 1+\frac{k(\tilde{\tau};|F)-k(\tilde{\tau}_{i}\sigma|F)}{2}$
for every $1\leq i\leq n/2$ ,
(5.16) $L^{*}(m,\chi)\sim\pi^{(m-1)n}\pi^{\Sigma_{r\epsilon\delta}k(\tau)}Q(\chi, \delta)$
is predicted.
We see easily that (5.16) is in accordance with [14], II, Theorem 3.11. $(C(s)$
there essentially coincides with $L^{*}(s, \chi).)$ Furthermore Shimura obtained the re-
sult without assuming that $k(\tau)mod 2$ is independent of $\tau\in J_{F}$ . In this sense,
Shimura’s result is more general than (5.16).
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$\eta\uparrow\eta\ell\swarrow(\sigma r_{\mathbb{C}} |\mathcal{T}| rt\prime d(’A^{\cross_{\psi}})<\iota x*\gammaarrow<7\theta_{V}^{\cross}\emptyset \phi_{1}e\triangleleft s_{kl}re_{r}\mathscr{V})$
$\ell^{\Lambda\prime a_{\ovalbox{\tt\small REJECT} t^{\backslash })}tme_{l}iJut\approx}\nearrow\backslash \grave{\rangle}/_{/}\bigwedge_{F}\rangle^{1}A^{-T\triangleright/}p3\forall 7^{-}5_{e}\varphi_{A_{f}}\circ)oj^{\ell p\eta}$
$Cc^{\backslash }b\uparrow|^{\eta^{r_{\llcorner}}\dagger}\Lambda\sim A\mathcal{M}\prime r^{t\phi}\gamma K(\overline{-}j_{7^{-\triangleright}}.$ $\mu_{L}(c_{\mathcal{T},\}_{f_{/}}}\mu)/T|\kappa l_{1}//\prime A^{\wedge}$.
$\overline{L}\underline{\dagger}_{/}L\ovalbox{\tt\small REJECT} i)/4_{L}(9_{A_{f-}}\cdot)(\eta_{/}\phi w\int_{q}1\prime r^{\iota_{tc_{\iota}}}\mathfrak{c}7^{\sim}5$ ,
1 $\epsilon\backslash \grave{\gamma}_{*,(\langle}$ . $\nearrow$ $\varphi\epsilon A_{L}l^{\zeta}t_{9_{f}}$ ) $l\grave{c}\theta\llcorner^{-}t$
$(b, \eta)$ $()((p)*$ $=$ $- \oint’-*\varphi\vee/$ $\check{\psi}(x)=\forall^{j}(\tilde{x}^{\{})_{\lambda}\epsilon Q_{\{f}$
$\grave{L}B’\langle\iota$: $P^{1^{1}}\uparrow 1+e_{c}\Delta_{g_{11\tau}},-\mathfrak{j}^{\eta}P|J/d_{L}\sigma_{2}\beta_{\downarrow\langle}hB_{c}*g_{-\grave{A}}^{\wedge}5$ .
$\backslash c$ $|_{c,}^{-}\lfloor C_{-}\overline{\mathfrak{G}}1’’+/\eta\backslash ^{\eta}\tilde{\infty}-\vdash qt_{0\eta;_{\backslash }}^{I}l\gamma_{\delta\grave{\rangle}}(\mathcal{F}^{7}\uparrow((\gamma)ffb$
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$\Phi-yrightarrow \text{ _{}(044\text{ }}^{1}$ { $*$ . $([$ } $/\neq 7,1[,$ $J^{2.4^{\backslash }77},$ $k,$ $2\beta\sim.zt\sim|_{\backslash }^{-}$ 5 c)
$(6. |C)$ $<$ $\gamma|\{\ell|$ ) $+/$ $\mathfrak{g}>-$ $<+/$ $f)^{\wedge}|^{1}\ell$ ) $3>/$
$\sim_{\ell}\backslash (\lambda_{-})-$ $\backslash \ell(\chi^{-1})$ $l\backslash ^{n}/7Y^{1}$ A7 ‘ $\prime JkF\theta$) $\dagger^{-}1_{M}1tc\gamma|q$ $/$
$+\epsilon\backslash A_{A,(}(W)/$ $W=w/_{0}\zeta_{\overline{\dashv}\alpha+}/$ $M’,$ $=\overline{\{|w}(\mathcal{N}_{\vee}\wedge)_{vV}$ $/(W_{c})_{V}=R_{V^{\backslash }}^{\cross}$
6 $V$ -[} $-\psi|^{f_{1}\mathfrak{r}}7^{-}\mathfrak{z}|\angle/_{\{\overline{/\lambda}}|/^{\wedge}\backslash \mapsto_{arrow}$ $|(-\neg\neg_{L^{/}}r/$ $B_{V}\cong$ $|\backslash (\perp(\overline{|_{\sqrt{}}^{\sim}}),$ $R$ }$/\cong/\backslash \{2((\S_{y})$
$\dashv_{c}iEJ^{b}|^{:_{t_{-}}}7$ $\xi J$ $\backslash P$ $\not\in_{-}$
$\lceil\tau$ $(W_{0})_{h’}$ $\cross$
$R_{\sqrt{}}^{\cross}$ $(\begin{array}{ll}i 00 -\varpi_{\sqrt{}}\end{array})R_{V}^{\cross}$
$vV*\vee$
$0)$ $\llcorner-|\uparrow|\mathfrak{h}$ . $\dotplus\iota A\eta\iota J^{-\mathfrak{l}_{0\cap}}( \cross \wedge\iota)V|(|\Downarrow c)^{-1}$
)
$LL5$ $L^{\backslash }$ $t$; $|_{c}^{-}fv$)






$1_{t(\llcorner L^{\eta}}$ $1^{\wedge}$. $’\chi_{(V}$ ) $\epsilon \mathbb{C}$ $x\frac{\backslash \backslash }{f}7$ $\delta i=////$)$p_{\langle\backslash }$ .
$\pi 6$ $\mp(*0)$ $\in$ $A_{k_{/}k_{-}}(\beta)$ V 7 $\iota$ ) $\neg$
$\overline{|}\backslash \vee)\#$ $=$ $/\chi(\sqrt{})\dotplus$ $+_{0\ulcorner}$ $q/hc\sigma|\Gamma$ $\mathfrak{h}^{\backslash /}/$ V
-t $2_{7^{\angle}}7^{-}\backslash 7^{-}L$ \S $1-/e_{\dot{C}}j_{7t}$ $C$)$\int^{er\wedge t_{V}}\iota$ $\eta\perp((p^{1_{\nu\downarrow\langlearrow}}\dot{x}n_{VA}\eta\sigma_{f)[c/\eta}\backslash l^{\prime\chi}ff$
$\sigma_{k, c},(\beta)$ $|c\neg$ $QC$ corr $Y31_{C_{arrow}}\ovalbox{\tt\small REJECT}\backslash \iota$ ) , $*/i/X1^{-}c\ovalbox{\tt\small REJECT}_{1}7\not\supset tt1\grave{J}$




$tt^{(}$ $(K/ B/\Phi)$ $=$ $W(1^{\prime\langle}//\int)\cap$ $\sim l_{\lambda}$ , rc $( \int/\overline{\omega})$
,
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$TA_{\epsilon 0r\mathfrak{e}v\mathfrak{n}}$ 6, $|$ , $\lambda$ -\S . $A_{A,k}(\beta)|^{\sim}\sim oc_{\overline{c}u\ulcorner}$ $7\xi$ $\mu_{e_{C}\vdash c}($
$0per- a_{-\urcorner_{0^{\backslash }}^{-}}$
$\eta$
$\backslash tiJ^{p_{l7V^{l}\backslash })_{\vee 1}c}$
$\emptyset$
$\sigma y\triangleleft^{-}\dot{\Gamma}e\mathfrak{n}/$
$+/$ $\theta/\uparrow$ $\epsilon W(\mathcal{B}, ’\chi/\Phi)_{y}$
$i^{\neg}$
$\neq$ $0$ 75 $\backslash c$ $t_{\sim}$ \yen c $t$ $\langle$ $\|/\Vert_{t}>/<\cdot+/Harrow>$ $(-$ $\overline{\alpha}$ ,
$lP_{V^{-}}$ $\grave{/}\}$ , $(i_{A+}-$ $0$ $\rho^{\text{ }\eta}$ $\cup!\eta\gamma^{\eta c,t}\psi^{p_{\nu}}\acute{\gamma}$ $W_{0}$ $\not\in$
$\dagger^{/}\prime J^{\backslash }//\backslash \urcorner\backslash ^{-}<$
$1_{C}$
$\#$] , $+/$ $\int$)
$/$
$ 6 $\backslash \Lambda_{h/,\ltimes}(N/)/$ $W=$ $W_{\triangleleft}\theta_{\infty t}$ $tT’*\llcorner$ $5_{\sigma}$
$H_{\overline{L}}(C_{\overline{\{}/\{})$ $E$ $1\Gamma_{f^{(C}}qc_{r}t-L_{C_{t}\eta}\mu\prime 1’ t^{\ulcorner}/I$ $-A_{\backslash }/^{P,*T^{n_{O)}}}$ $C_{\overline{(}A}$ }$\{e4_{C\prime}\overline{\iota}_{<}^{\frac{\varpi}{},\downarrow R}$
$I_{J}^{\lceil}$
$\tau_{\sim}$ $+/$ $ / $|\}_{1}$ $I_{\grave{c}}J$ ? $\mu_{L}(q_{4}^{-},)$ $\sqrt{}/r_{\epsilon}/\neg- T^{n}/f’\eta\}^{\backslash }\overline{c}^{t}$
$kn$ 3 $C_{\overline{\{}\Phi}\backslash q_{4}$ $t_{i}$ $\mathbb{C}^{t}-n^{1_{\alpha e}}k$ $r_{\kappa^{\mu_{\backslash \llcorner}}\Gamma_{l^{\theta \mathfrak{h})}}^{\{}}$ $\emptyset\backslash ^{\perp_{\sim_{-}}}/_{\overline{L}^{\Rightarrow}}\beta_{1}\ovalbox{\tt\small REJECT} L$ 73 $d$ $\backslash \backslash \triangleleft$
$\vee\approx\backslash$
$sA_{1\}_{h^{Z\downarrow t}}}^{l}(\sim J_{\eta c}\gamma l^{c}7-\lfloor_{\theta\eta}\psi_{\backslash \ell}\eta\Lambda 0 \star_{T^{\perp}}/l\nearrow\cdot k; C\gamma L(2)\downarrow_{\llcorner}^{-}\hslash’)75$
$5 Y\triangleright c\eta f/\gamma_{n\downarrow t}\{\neg C\downarrow\int^{7}|_{1^{1}}c_{\mathfrak{l}}^{1}\tau_{l}$
$\Lambda 1\uparrow et_{d}\succ c_{0t}1_{c}^{\backslash }x\gamma$ $v|\tau\beta_{\mathbb{C}}(7_{4})$
$-\beta_{\vee}$ $\neq_{-}/_{\lrcorner}\}_{\tilde{\theta}}?(\backslash J\}^{\neg}\backslash 7_{j}^{arrow}$ $\grave{c}t:l_{h^{l\backslash \xi_{\rho}}}^{\backslash }$
’
$V_{1}=U\bigcap_{c}\Lambda_{r_{1},\kappa^{(\beta)}}$
$\backslash c7_{i’}$ $\langle$ $L,$ $I)_{i}|FN_{c^{\backslash }}(\varphi_{t_{f}})\overline{\phi}_{/\star}^{\star}’\urcorner^{n}*?t\tilde{c}\uparrow_{1}|_{c}^{\backslash }\hslash’l73$
$/\sqrt c|\varphi_{A})+0)$ $|xF\mathfrak{R}_{+^{\prime_{\backslash }}7^{\urcorner^{\eta}\hslash 5_{i}}}^{b}\star_{L}\grave{p}\mathfrak{l}^{\wedge}c,$
$\sim\backslash 1_{1}^{N_{C}}=d_{\lambda,\text{ ^{}(W)}}$
$\neg T^{\vee 7}Bv_{1}1\sim b_{1}^{\nwarrow\Uparrow r_{\vee^{\wedge}}}it^{\sim}Al_{\mathbb{C}}\backslash \varphi_{A}\}/W_{c})-\tau+$ - fi 5 . $\grave{c}\circ fi_{\backslash }^{ffi_{\backslash }}$
$/\lambda\Phi_{c}h_{J}^{\prime_{\backslash )}}7^{t}$ $6, $(_{L}t, 3er\})st\epsilon\iota^{1}\eta-z_{e}le\backslash /\downarrow^{1}$ }$\eta St_{\iota}$) $(^{r}/J,$ $/^{)},$ $/(7$ .
$*J$ $\backslash$ )$/h_{\backslash }$ $\llcorner_{C2\iota}\eta\cdot\gamma_{\mathfrak{h}\prime^{-}}x\simeq_{p^{\backslash }A^{P}/7}t^{I}\tau_{\backslash }4\iota l\ddagger^{\eta_{-}}FV7b$
$\iota^{J}n_{1^{\gamma\eta c}t}$




$\vee\int\oint j/k$ $E $0$) $\Lambda<\infty$ $\vee^{\backslash }/h_{\backslash }\overline{\tau}_{\llcorner}\eta\kappa\iota\tau_{ V}4^{0\triangleleft CL}$ $|L\llcorner$




$N$ $|r$ A $L\eta fl\triangleleft 4C^{1}c/^{!}\swarrow t^{- r_{l^{1}\iota^{1}\epsilon}}$ $a/\gamma^{l_{t^{t}i}}/$
$\rho$ $|\sqrt{}$ $/ t\oint$
$\eta$






$\lambda_{\vee}\S_{-}\dagger_{j^{1}n^{1}\iota 1\tilde{L}}$ $\Uparrow_{\not\subset r\gamma\eta_{l^{I}}}T_{|ar\iota}^{1}$
$+0_{\Gamma W\backslash }$ $-\tau^{\prime 1}\iota$ $\forall\{\lambda\in 1\triangleleft/$
$\neg-\sim_{\vee}\ltimes\epsilon$
$\beta$ $\Lambda x\iota\dot{\circ}k$ $Ac_{(T}$
$(6. |0)$ \langle $P|\omega$ ) $\lambda/$ $\gamma$ $>$ $=$ $\langle$ $x_{/}$ $p_{t’\iota\iota)_{\{\#}}\sim>$, $\forall_{\lambda}$ $\nu_{\#}c\sim^{-}V$
$I*t_{c}^{arrow}7^{-}\mathfrak{x}:4\overline{f}\lambda^{l}/i75\circ$ $c\backslash 4\mathcal{E}$ $*c$ X
$1_{/}$
$l/\cdot/\chi(\lambda\emptyset\backslash ^{\vee}\psi_{0}$ $\emptyset\prime A_{\neg}^{\llcorner q}$
$(/_{1^{\pm}}^{\prime\not\subset_{\vee^{d}}}\eta)$ $b\wedge 5/5$ $7^{\eta}$ $\cross=$ $(\langle y_{-j}/\supset 1j>)$ $\epsilon i’/\{(\mathbb{C})$ $k\hslash’\langle$
$L\mathfrak{l}$ $C\overline{c}$
$\mathbb{C}^{(}$
$\emptyset\backslash ^{\eta}*$ ? $C^{-l}\lambda’\acute{c}-$ $\mathcal{M}_{\lambda}|_{/}A)$ $x\backslash p\lambda^{1}4l\angle\tau$ ,
$p_{r_{0\theta}f}$ , $\Lambda_{m_{5^{1^{1}}5}}$ $\lambda_{t_{/}}$ $/$
$|$
$J_{\wedge}^{\backslash p}t/\lambda/k^{A_{\backslash }}c$
$1\neg$ \mbox{\boldmath $\lambda$} . $pk_{\iota}$ $/\psiarrow 1^{\backslash }4_{A}1,t$) $\forall-\xi_{c}$ $[\zeta\backslash , |0$ ) $\ovalbox{\tt\small REJECT}$ ) $\ovalbox{\tt\small REJECT}_{7}^{\backslash }$
) $p_{(1\iota)}\cross=$ $X\overline{P\downarrow\sim c)}$ $k_{\llcorner\{t^{-i*}}$
/
$- t/;\frac{\not\subset}{?}b_{\iota}^{/}A^{k_{\sim^{d}})}\backslash t\epsilon$ (C/ | $\ovalbox{\tt\small REJECT}\urcorner$ $c+$) $\phi\grave{J}$
) $p_{|\iota)\cross^{\{\ulcorner}}=$ $\cross^{\tau-}\rho_{(\iota}\sim_{\llcorner)}-$
$A_{L}C\chi*0$ $\gamma_{\grave{\lambda}}$ . $\#^{r}1_{J}$ ( $+$ ) $\ell\backslash$
$|\{\iota$ ) $\chi^{\tau-}\sim\chi^{-\int}$ $=$ $\lambda^{r}’\cross^{-l}p_{lc)_{/}}$ $\triangleright_{b\downarrow}’\epsilon/\sqrt{}$
$\varphi?_{\backslash }^{l}\{\overline{c}$
$x’x^{-(}\triangleright$ | $s_{Cfi}l_{b}t- r^{\eta}$
$(*\uparrow\nabla$ $r=$ A $\sigma-\lambda’$
$\nearrow$
$\epsilon \mathbb{C}^{\mathcal{X}}$
. $c,$ $=\langle yc_{l}\nearrow J’\langle|>$ $t_{-}5$ . $(++\star)/\backslash$ ‘
$()_{/}\{$ ) $-h^{J_{-\partial}^{\backslash }}\cdot\ddagger$ 41 $t$ $=C^{o-}/C$ , $\varphi\nwarrow^{\backslash }$ $\cross=\circ\chi_{0}$
$L$ \langle $b$ $Y_{\theta}^{\triangleright}=\chi_{\iota}\wedge$ $/J\backslash ^{n}\mu_{\sigma-}\epsilon A_{\dot{\vee}}t(\mathbb{C},/A_{0})l\tilde{c}$
$\grave{7}7^{\llcorner}$ -T $\perp_{\perp J^{Y}}/\neg\grave{J}$ $X_{0}’e$ ( ( ) $Q\in\sim D$
$f$ $C\sim$ $W(\int j\subset X/$ $o_{e})/$ $+$ A $0$ $x$ $\iota J$
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—X
$\infty$ $(/ \chi_{/} \int)$ $=$ $\langle$ $\dotplus/f>$ $ho\lambda$ $L$
$L\neq)^{f}$ \langle a $(\alpha/\beta)$ $\langle-$ $\mathbb{C}^{\cross}\sqrt{}\overline{\mathbb{Q}}^{X}$ $lT|$ $Tt$) $C\theta\gamma^{\backslash }Cr\eta l$ . $|$ $1^{\backslash _{(}}j$ ’ $+\eta$
$-\overline{p}|arrowarrow)_{\sqrt{(}\backslash }^{\perp}’\grave{\rangle}7_{e^{\backslash }}^{\backslash }\vdash\ovalbox{\tt\small REJECT}$) $1^{\eta}J_{\sim}^{l^{\wedge}}|arrow=|\ovalbox{\tt\small REJECT}$ \S $0$ $\}^{\overline{(}\neg t_{1\backslash \overline{7}}^{i\perp_{L}}}\supset-\cdot O^{-E}\wp-’\backslash \mu f/r_{||2}^{\llcorner}\tau_{7^{\prime/}}\backslash b_{\backslash }-\overline{\tau}_{t}$ $I\#_{J^{A_{(}^{\backslash }}}\parallel$
$t/(\varphi_{\backslash }$ A $\not\supset b$ [ $/_{/j_{1}^{/}\grave{\lambda}_{\iota}}|f^{\eta}$ $r(/J-\tau^{n}\dagger\theta hh. -r\triangleright\} \mathfrak{z}\cup\hat{\tau}A4-)$ $\int$ A $[!^{\eta_{tV}}\iota\backslash (|b^{\wedge}J_{/}$














$\vee\hat{|}_{\nu t8_{-}}$ $\backslash ^{\wedge}$
) $\eta^{4^{-t\prime}}\{Yh$
$/\chi$ $\ovalbox{\tt\small REJECT}$ $A_{\Lambda_{1/}K}$ $|\beta_{(}$ )
$/$
$J_{*k}$ $(\beta_{R})1^{\wedge}\llcorner$ $P_{\backslash }|^{\neg}c$
$ccc_{A}$ $7^{-}5\backslash \angle/$) $\pi_{/\overline{l}}^{\bigwedge_{\sim}}|$ t) $\epsilon\neg$ $W( \cdot’\chi_{/}\S\int/\overline{\mathbb{Q}}_{\vee})_{/}$ $\phi 6h^{/}(4_{/}/\theta_{2_{/}}\overline{\alpha})$,
$ \yen $0$ $- \sum$ $\xi\phi$ $\grave{L}$ $’$) $\gtrless_{-}$ , $\nu_{T}6\theta$ $|^{\sim}\backslash \gamma_{7^{L\urcorner}}$ $y_{*}(\overline{\iota})\geqq 2_{\sim}$
$\mathcal{T}_{l}\grave{)}$ { $\grave{X}^{\{}$ , \langle $g/$ $ $>$ $/\sim<Lh$ / $(h$ $>$ ,











$-P$ \S $N_{c_{-}}(qL_{\iota}(\Gamma_{/4}^{-}))$ $\eta$ $q_{\nu t^{\backslash }}$[}
$\ulcorner\not\subset)^{\gamma e\iota^{Y}L\wedge t_{I^{(}}}\ulcorner CS/\cdot u\nu$)
$ki\eta- 5$
$T|_{\uparrow ev\psi\epsilon\nu_{b}}$ $\mathfrak{b}’|$ $1^{\backslash }c\langle f$ }$J$ $\theta_{l}/$ $B_{1}$ $l^{y}T^{\sim}L^{arrow}\triangleleft?^{\triangleleft\uparrow[et1t_{l^{(}b\int\uparrow}}c^{\sim}$ $c\dagger 1r^{\beta_{1’\triangleleft}}$
$L^{-t}|$ (1$\neg$ $7_{L}^{l/}$ ) $\mathcal{I}$ $L4R$ 1 $\tau$ 4) $\mathfrak{l}\overline{c}8_{i_{/}}B_{2}\theta_{I}$
$/\succ<\iota_{l}$ $t-\wedge\beta|f\backslash$ $\overline{\vdash}\eta\ovalbox{\tt\small REJECT} 5$
$\_{\eta_{1^{1}}}\mathfrak{r}_{6}\int^{\gamma 1_{it\llcorner\ell_{-}}}$ c $\urcorner^{4}/\partial\backslash _{A}1$} $x_{7^{arrow}}5\phi$
$3_{7^{Ac/V}}^{\sim_{c\backslash C’}}-t_{A\eta}r^{\iota\cdot)t^{\iota\vee}5}$
[7] . $\urcorner|\uparrow e_{\theta\backslash C\dagger\dagger\uparrow 5}-$ $|^{l}+/\forall/$ $|b^{\backslash },$ $/$ 1 $\backslash$$ neg A^{\neg}$ ?
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$\tau_{\tau_{\bigvee_{1\backslash }}}$ $|X$ $A,P^{\mathfrak{e}c}\}_{A}|$ $\lambda|*$ $ott$) $b^{c}\backslash .|\prod_{C^{\wedge\backslash }}ff$ $t_{-\iota t\rangle}r^{A_{\dot{t}}|}/^{(}$ $J$
$\overline{[}Lo$
) $7^{\mu_{\backslash ^{\backslash }}\uparrow_{(zn)1^{\backslash }}\llcorner\backslash \cap}$
$c_{1}\{\phi^{\Gamma 4}\backslash b^{/} 1^{\eta} rU\{T_{0}^{\sim}\} \eta\rho\}\urcorner^{l}l^{j^{\sim}}\overline{/}r_{l}$ , $c$} $\urcorner^{\triangleleft}|T\Gamma 7lA\chi$
$-$[ @ $b\eta l$ { $7_{/\overline{i}^{\gamma_{\overline{\not\subset}}}}7^{-}5$ $\theta^{/}d_{)}$ $\sigma_{l}r^{r_{\mu\gamma}- c}$} $\gamma_{\hat{\eta}^{\sim}}$ ! $(y/\nearrow\tau)$ ,
$arrow k^{/}(\overline{c})$ $–$ $|’\lceil(\cdot\tau)-\Gamma 2/$ -T c- $\tau^{/}$ , $(\iota=arrow b^{(\tau)-2}/Tt\Gamma$
$\backslash K$
$\hslash’$ \langle $t$ [7]
/
$- \bigcap_{\dot{C}0\Gamma C!\eta}$ /6, $|$ $/\backslash - J$ ? , $/\chi/X$ $\prime l_{A_{/}’l’\lceil}/(\theta^{/})$






$\mathcal{O}$) $caAL/$ $’\gamma_{\backslash }’$. $\emptyset$) $\overline{\mathbb{T}}/_{/}/x7\downarrow^{\wedge}\#^{l}$) \langle $v$ ) $\^{}$ $C-$ $\backslash 1\Downarrow(\cdot X/\int^{/}, \overline{(k})/$
$\^{/}*0$ $B_{-}\backslash c\not\supset L$ [[ $j^{\sim}\iota/$ $-Tke_{0}\gamma_{C}$ $b^{\backslash },$ $*\mathfrak{l}\neg\backslash$
$\int$
\langle $ / $\mathfrak{h}$ $><\mathfrak{Y}_{/}^{/}l^{/}>\sim$ $\langle$ $+/+>$ $\sim$ $\langle$ $|h/|\ovalbox{\tt\small REJECT}>40^{/_{/}}?^{/}7$
$\theta\backslash ^{4}R^{\Delta_{(}})\angle b$ $4\backslash 1\mathfrak{f}_{1}’\overline{z^{\backslash }}\eta 1i\nearrow_{f}^{(}3_{2}Zt$
$/R_{e/k}/’)/\ddagger!$ . $A_{A,K}(\beta)$ $Jk\mathcal{H}^{l^{I}}b\not\in$ ( $/\#J_{J}\Lambda^{\sim}$ ’ $/ \int\not\supset bo$)
$\gamma a_{\sqrt{}}/p^{\backslash }-i$]$q_{\vee}|_{c}\sim$ $\neg_{\backslash }V\gamma$ $/_{/_{1/’\not\in)}}\urcorner$ $\int j\theta\tau^{\eta}\zeta’/b^{-}J,$ $rTl_{7C^{0}tm}5^{p}/$
\sim \S $\eta e\ddagger$ $\int_{c}^{\neg}$ ) $7\ovalbox{\tt\small REJECT}_{1\neg}\backslash \urcorner\neg_{c}\mathcal{T}_{f\cap}J\backslash ^{\prime)}$ , ,new $f_{\circ\nu m}$ $\tilde{x}\underline{|,F}_{\overline{p}^{-}}^{\backslash }\ovalbox{\tt\small REJECT} \mathfrak{c}-\eta_{L^{J}0}$ 4,1





$\nabla$ O -F $\grave{7}_{1}$ $\grave{f}$ $d\iota\Gamma_{\llcorner}^{-}$ $*3$
$s_{i^{\backslash }}r^{\iota 0_{\vee}i\backslash \{\gamma’e_{\vee}}\urcorner$
( rr , $B^{/}$ ) $FL_{-}\eta$ $\psi^{t}\cdot\uparrow e\}^{\rho}Y\backslash t^{1}0\cap$ $c_{t}tp^{b}\infty$ $B$ ? $\delta$ 1 $J$
$>\lambda_{k}$
,
$(B)$ $tarrow L\triangleleft/$ A $\{$ $0\circ\zeta\Rightarrow\iota_{4.\triangleright}$ $7^{-}h|r^{\eta}$ ,
&[\alpha
/ 7 $)$ $<$ $\infty t_{/}^{\prime\chi}’$ , $\int)$
$-t$ $1\grave{m}fv_{1}’v\backslash ^{-}C$ $Q_{-}$ (($\lambda/$ F) $\in$ $\mathbb{C}^{\cross}/\overline{\mathfrak{G}}^{\aleph}$ $|y$ $B\triangleleft$ $\succ \mathcal{J}$ $\frac{\backslash }{/l}$ $l^{-}\sim$
$\nearrow^{\sim}|/^{\llcorner}$(($\mathcal{T}_{(T^{\{}}^{i}7^{||}$ $\backslash$)$!_{\sim}\Leftrightarrow_{-}^{1}g_{\backslash 7^{1}}\cdot\neq c5$ $\theta$
$\grave{c}$ A $|X$ 5 $(\backslash$ $[|t]$
/
$l^{?}$ , $zb^{:}\not\in$) $1_{\backslash }^{\sim}\Re 3$
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$T^{k_{c^{\prime R}}}\approx,$ $jR^{\{\tau)}\geq 2$
,
$k$
$\dot{b}r$ ’ $\overline{//}\ovalbox{\tt\small REJECT}_{l\backslash }h\mathcal{T}_{\sim}^{-}\grave{c}$ $\{\backslash -77$
$\eta$





) $cr^{\sim}\ T^{-}\iota r(\eta c_{l}r^{\gamma\psi_{1}\}_{\nu\{C}}$
$\sigma\rangle$
$sfl^{1^{\sim}em}/$
$\uparrow$ $\in$ $\sim A_{m},$ $\theta(|^{\backslash }t_{l}(\ulcorner))$ $\cap$ $\#(\prime X/\#t_{1}(\overline{|^{\sim}})_{/}\overline{\alpha})/$ $+\mp 0_{/}$
$\in$
$\vee\int_{*,K}$ $(B)$ $\cap$ $M/(’\chi/\beta/$ $o_{e})\sqrt{}$ $ $\mp 0$




$cr|1c\backslash \iota_{\langle}^{\backslash }\prime k!$)




$\overline{\phi_{)}}(\cdot\overline{\llcorner,})=$ $m(\tau\{\ulcorner-)/$ $\tilde{A}(\overline{c})=$ $*\mathfrak{c}\overline{\llcorner}|\ulcorner)/$
$\sim_{\overline{\iota}}$
} $(\overline{L})=_{:}(\tau(\overline{\llcorner}|F)$
$Y_{-}$ $\sim_{\backslash }H\sigma d_{/t}\sim_{n_{/}\sigma}(M_{2}lF, )_{/}^{\overline{Q}_{-)}}\Sigma+\sigma_{)}\iota ms_{CC}h_{4h}f,\cdot f\tau_{\nearrow}$




\langle $\emptyset^{r}/\sim J/>$ $\sim$ $<9_{/}$ ffi
$\not\supset\backslash ^{\eta}$
,
$\forall\overline{c}$ $\epsilon$ $r$ $\downarrow-\vee\overline{7}^{\llcorner}F(_{-}\urcorner$ $k^{\{T)}arrow=$ 3 $\mathcal{T}_{d}\}^{\backslash }/\sqrt{}^{\backslash }\eta\hslash^{1}A\circ$ $\iota$.
$\prime_{\wedge,/_{\}}}^{\backslash }\iota\overline{L}\#\#|\int_{1}$ $\overline{|^{-O)}}c\mu t\sim_{e_{k}}x_{\eta S\Lambda^{1}\circ\eta}|\langle LK_{A}^{>}(?H4\llcorner/\mathfrak{s}e_{-c_{-A\cdot\}_{Cl/}}}\triangleleft VA\llcorner E$
$L\ovalbox{\tt\small REJECT}]$ $[|b^{\sim}1J \overline{|}\ovalbox{\tt\small REJECT}_{ev\Gamma et\eta} \}^{\backslash }, \prime 7 \lambda\Phi 7$ )$\ovalbox{\tt\small REJECT} 75c\backslash$ $\succ-/_{)}\prime R\grave{\rangle}\oint_{1}3\sigma$
$\frac{\backslash }{\overline{h}^{1}}\int\acute{L^{-}}\#]\etaarrow^{\supset}/_{/}l\nabla\lambda^{\prime_{/}}A\triangleleft f_{\lambda}^{\cap}\int^{\ulcorner}d7^{\eta}\iota$ ( $|3J_{/}\overline{|}Aeo|/\overline{e}’\eta$ $|$ , / $/arrow c*f$ $C\int\backslash \int-f^{4r_{1}’oh}$
$\sigma_{)}P’\wedge^{/ti_{)}t}7/^{/_{1}}/7\vee\backslash$ \S $arrow k(\overline{\{\vee}):arrow\overline{\wedge}$ 3
/
$\forall T\epsilon- Y$ $\eta\theta_{\backslash }>\sqrt{}/i$ ON 7 $\langle\sim\circ_{\backslash }$ $|r$ .
$[|\}^{-}]/$
$P_{\Gamma c}\ell$ , $(!^{\backslash }, 2 \downarrow\tilde{t}* 5 \eta_{\rceil\hat{v}\eta}-V_{1n_{\mathfrak{l}j)}}^{\wedge}\})$
$\prime\prime l_{\oint^{r}}^{c}$
$keJ^{\iota}\iota|t$ $X4^{/}\S J^{)}t_{\backslash }^{\sim}\phi 7$ ,
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$J$) $1//:\dagger|r\S 7\backslash \overline{\Lambda^{\backslash }}\overline{\tau^{7}}T$ 5, $F\Lambda$ $ote_{l\}1}\iota_{\eta},$ $\mu|\tau-$ \rangle
\yen c 3 $\partial$
$Xa\backslash ^{A}5_{A,\kappa}(b_{/}\overline{\mathbb{R}})|\llcorner- cc\triangleright t(r\cdot\llcorner T_{F}$
$1^{\wedge}\backslash (b^{g^{1}}\rho|_{c}^{-}L-\backslash \sqrt{}\dagger 7\ltimes\Gamma_{\backslash -}$
$k3t_{-}$ ( $A=2$ $V1$ ) $’\pi(\mathcal{I}\circ\sim\sim\phi_{/}ttt8_{/_{y}}\overline{@})$ } $\overline{c}\dot{o}c\cdot\downarrow-$
75 $\emptyset_{\grave{J}}^{t}$
$Q_{-}(\cdot/C_{/}\lambda\cdot)=$ $Q(\tilde{\phi}/\sim T)^{1/L}$ $(,\nu^{1}n$ $\mathbb{C}^{\cross}/\overline{\Phi_{C}}^{X}l$
$\zeta\hslash’\langle\ell$ $\overline{|}A_{Covc\dot{n}\downarrow\sigma}$ $t$ , $3_{J}6,$ $\mu l_{(}^{-}1^{\sim}\gamma\backslash$ $l_{\overline{t}}$ ) $’\sim=3_{-}\ltimes_{Tb}\mathfrak{y}\sim$
$\emptyset)k_{\backslash }^{/)/}i\overline{\uparrow}I^{\eta}$ $g(./\chi, Y)$ $\in$ $\mathbb{C}^{\cross}/\overline{\mathfrak{G}}^{X_{\backslash }}$ $/V\#_{P}$(]$7t\sim\neg$
$L\sigma 021_{\Gamma/}\varpi_{u}r$ $1\sim\backslash |C?|\ovalbox{\tt\small REJECT}\backslash$
$T’\leq\sim 3c\backslash$ $L\partial\backslash ^{\eta}hj15\theta$ $($ $\backslash \searrow\backslash c\downarrow^{\wedge}\backslash \sim t^{-}$ $/\mathcal{T}1\#///^{7}p_{\nwarrow}g/_{\phi}/\mathcal{P}_{:}$ $J^{\wedge}F/arrow J_{-\Gamma-}$
$|_{L}^{\backslash }f$ $3$ $\nabla$ $j^{;_{q}}.|\backslash$
$/\grave{\nu}\gamma$
) $(1^{\rho}\kappa$ $l\grave{\iota}mqr -\mathfrak{c}’-\hslash 3\omega )$
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